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Abstract

Ambrose, Palais and Singer [6] introduced the concept of second order
structures on finite dimensional manifolds. Kumar and Viswanath [23] ex-
tended these results to the category of Banach manifolds. In the present
paper all of these results are generalized to a large class of Fréchet mani-
folds. It is proved that the existence of Christoffel and Hessian structures,
connections, sprays and dissections are equivalent on those Fréchet man-
ifolds which can be considered as projective limits of Banach manifolds.
These concepts provide also an alternative way for the study of ordi-
nary differential equations on non-Banach infinite dimensional manifolds.
Concrete examples of the structures are provided using direct and flat
connections.
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1 introduction

The study of infinite dimensional manifolds has received much interest due to
its interaction with bundle structures, fibrations and foliations, jet fields, con-
nections, sprays, Lagrangians and Finsler structures ([1],[14],[7], [8], [10], [18]
and [30]). In particular, non-Banach locally convex modelled manifolds have
been studied from different points of view (see for example [2], [4], [11], [12],
[19] and [27]). Fréchet spaces of sections arise naturally as configurations of a
physical field and the moduli space of inequivalent configurations of a physical
field is the quotient of the infinite-dimensional configuration space X by the ap-
propriate symmetry gauge group. Typically, X is modelled on a Fréchet space
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2 Sprays and connections on Fréchet manifolds

of smooth sections of a vector bundle over a closed manifold. For example, see
Omori [25, 26].

The second order structures introduced by Ambrose et al. [6] for finite di-
mensional manifolds were extended by Kumar and Viswanath [23] for Banach
modelled manifolds. They proved that Hessian structures, sprays, dissections
and (linear) connections are in a one-to-one correspondence. However, there
these concepts have to be supported by a Christoffel bundle and vector fields. In
this paper, following the lines of [23], we first construct the concepts of Christof-
fel bundle and fields for a class of projective limit Fréchet manifolds. Then, we
identify it with the other structures, i.e. connections, Hessian structures and
sprays.

One of the main problems in the study of non-Banach modelled manifolds
M is the pathological structure of the general linear group GL(F) of a non-
Banach space F. GL(F) serves as the structure group of the tangent bundle TM ,
similar to finite dimensional and Banach cases, but it is not even a reasonable
topological group structure within the Fréchet framework (see [16], [18]).
Moreover, for a Fréchet space F, L(F), the space of linear maps on F, is not in
general a Fréchet space. The same problem holds for the space of bilinear maps
L2(F,F) = {B;B : F× F −→ F, B is linear}.

If one follows the classical procedure to define the notion of Christoffel bundle
or Hessian structures, then L2(F,F) will appear as the corresponding fibre type.
As stated in Section 2, these problems are overcome by replacing L2(F,F) with
an appropriate Fréchet space. Another serious drawback in the study of Fréchet
manifolds and bundles is the fact that there is no general solvability theory for
differential equations ([27]). This problem also can be overcome if we restrict
ourselves to the category of those Fréchet manifolds which can be considered as
projective limits of Banach corresponding factors. To eliminate these difficulties,
we endow TM with a generalized vector bundle structure. (Note that Galanis in
[16] proved a similar result but with a different definition for tangent bundle). In
the sequel we construct the Christoffel bundles, connections, Hessian structures,
sprays and dissections. It is shown in this way that all the results stated in [6]
and [23] hold in the category of projective limit manifolds.

Our approach here gives the opportunity to study the problems related to
ordinary differential equations that arise via geometric objects on manifolds.
For example, geodesics with respect to connections and sprays, and parallel
transport are discussed. Finally, the associated structures for flat and direct
connections are introduced.

2 Christoffel bundle

Most of our calculus is based on [5] and [24]. Let E be a real Banach space, M
a Hausdorff paracompact smooth manifold and m a point of M . The tangent
bundle of M is defined as follows: TM =

⋃
m∈M TmM , where TmM is consid-

ered as the set of equivalence classes of all triples (U,ϕ, e), where (U,ϕ) is a
chart of M around m and e is an element of the model space E in which ϕU
lies. TM is a vector bundle on M with structure group GL(E) ([24]).

We summarise our basic notations about a certain rather wide class of
Fréchet manifolds, namely those which can be considered as projective lim-
its of Banach manifolds. Let {(Mi, ϕji)}i,j∈N be a projective system of Banach
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manifolds with M = lim←−Mi such that for every i ∈ N, Mi is modelled on the
Banach space Ei and {Ei, ρji}i∈N forms a projective system of Banach spaces.
Furthermore suppose that for each m = (m)i∈N ∈ M there exists a projective
system of local charts {(Ui, ϕi)}i∈N such that mi ∈ Ui and U = lim←−Ui is open
in M (see [4]).

It is known that for a Fréchet space F, the general linear group GL(F)
cannot be endowed with a smooth Lie group structure. It does not even admit
a reasonable topological group structure. The problems concerning the structure
group of TM can be overcome by the replacement of GL(F) with the following
topological group (and in a generalized sense it is also a smooth Lie group):

H0(F) = {(fi)i∈N ∈
∏
i∈N

GL(Ei) : lim←− fi exists}.

More precisely H0(F) is isomorphic to the projective limit of the Banach Lie
groups

H0
i(F) = {(f1, f2, ..., fi) ∈

i∏
k=1

GL(Ek) : ρjk ◦ fj = fk ◦ ρjk, (k ≤ j ≤ i)}.

Under these notations the following basic theorems hold (compare with [16]).

Theorem 2.1. If {Mi}i∈N is a projective system of manifolds then {TMi}i∈N
is also a projective system with limit (set-theoretically) isomorphic to TM =
lim←−TMi.

Theorem 2.2. TM = lim←−TMi has a Fréchet vector bundle structure on M =
lim←−Mi with structure group H0(F).

Let L(E,E) be the space of continuous linear maps from a Banach space E
to E and let L2(E,E) be the space of all continuous bilinear maps from E × E
to E. For m ∈ M and every chart (U,ϕ) at m, consider the triples of the form
(U,ϕ,B) where B ∈ L2(E,E).

Definition 2.3. Two triples (U,ϕ,B1) and (V, ψ,B2) are called equivalent at
m if

B2(DF (u).e1, DF (u).e2) = DF (u).B1(e1, e2) +D2F (u)(e1, e2), (1)

where u = ϕm, F = ψ ◦ ϕ−1 and e1, e2 ∈ E.

It can be checked that this is an equivalence relation. Each equivalence class
is called a Christoffel element at m and a typical element is denoted by γ. Let
(U,ϕ) be a fixed chart at m. Define the mapping

Cϕ : Cm 7−→ L2(E,E)
γ 7−→ (ϕm,B)

where Cm is the set of all Christoffel elements at m and (U,ϕ,B) ∈ γ. Then
Cϕ is a bijection, which endows CM =

⊔
m∈M Cm with a C∞-atlas. (For more

details see [23]).
From [23] we have the result:
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Theorem 2.4. The family {(CU,Cϕ): (U,ϕ) is a chart on M} is a C∞-atlas
for CM .

We emphasise again at this point that for a Fréchet space F, L2(F,F) does
not need to be a Fréchet space in general. Hence, the classical procedure for
CM for a non-Banach Fréchet manifold M , does not yield a Fréchet manifold
(nor bundle) structure. To overcome this obstacle we use the Fréchet space:

H2(F,F) := {(Bi)i∈N ∈
∏
i∈N

L2(Ei,Ei) : lim←−Bi exists}.

H2(F,F) is isomorphic to the projective limit of Banach spaces

H2
i (F,F) := {(B1, ..., Bi) ∈

i∏
k=1

L2(Ek,Ek) : Bk ◦ (ρjk × ρjk) = ρjk ◦Bj , (k ≤ j ≤ i)}.

Let {Mi}i∈N be a projective system of Banach manifolds as introduced ear-
lier, B, B̄ ∈ H2(F,F) and (U = lim←−Ui, ϕ = lim←−ϕi), (V = lim←−Vi, ψ = lim←−ψi)
two corresponding charts.

Definition 2.5. Two triples [U,ϕ,B] and [V, ψ, B̄] are equivalent if, for every
i ∈ N, [Ui, ϕi, Bi] and [Vi, ψi, B̄i] are equivalent.

By these means one can show that CM is endowed with a Fréchet manifold
structure modelled on F×H2(F,F).

Proposition 2.6. If {Mi}i∈N is a projective system of manifolds and lim←−CMi

exists then lim←−CMi = C(lim←−Mi) (set-theoretically).

Proof. If we consider

Q : C(lim←−Mi) −→ lim←−(CMi)
[U,ϕ,B] 7−→ ([Ui, ϕi, Bi]i)i∈N

then Q is well defined. Q is one to one since Q([U,ϕ,B]) = Q([Ū , ϕ̄, B̄]) yields;

[Ui, ϕi, Bi]i = [Ūi, ϕ̄i, B̄i]i , i ∈ N.

Consequently [U,ϕ,B] = [lim←−Ui, lim←−ϕi, lim←−Bi] = lim←−[Ui, ϕi, Bi]i = lim←−[Ūi, ϕ̄i, B̄i]i
= [lim←− Ūi, lim←− ϕ̄i, lim←− B̄i] = [Ū , ϕ̄, B̄]. Then Q is also surjective since for every
([Ui, ϕi, Bi]i)i∈N in lim←−(CMi), Q(a) = ([Ui, ϕi, Bi]i)i∈N
where a = [lim←−Ui, lim←−ϕi, lim←−Bi].

Therefore, Q is a bijection between CM and lim←−(CMi).

The functions

ξα : π−1(Uα) −→ Uα × L2(E,E)
γ 7−→ (m,B); α ∈ I

with γ ∈ Cm, (Uα, ϕα, B) ∈ γ, define a family of trivializations under which
(CM,M, π) becomes a fibre bundle (π is the natural projection).

In the next theorem the concept of (CM,M, π) is generalized to a Fréchet
manifold M = lim←−Mi.
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Theorem 2.7. If CM = lim←−CMi exists, then it admits a Fréchet fibre bundle
structure on M = lim←−Mi with fibre type H2(F,F).

Proof. Let A = {(Uα = lim←−Uα
i, ϕα = lim←−ϕα

i)} be an atlas for M = lim←−Mi.
Then, for every i ∈ N, (CMi,Mi, πi) is a fibre bundle with fibres of type
L2(Ei,Ei) and trivializations the mappings:

ξα
i : π−1

i (Uαi) −→ Uα
i × L2(Ei,Ei)

γi 7−→ (mi, Bi)

Suppose that {cji}i,j∈N, {ϕji}i,j∈N and {ρji}i,j∈N are the connecting morphisms
of the projective systems CM = lim←−CMi, M = lim←−Mi and F = lim←−Ei respec-
tively. Since ϕjiπj = πicji, {πi}i∈N is a projective system of maps. For every
α ∈ I, {ξαi}i∈N is a projective system and π = lim←−πi : CM −→M serves as the
projection map. On the other hand, ξα := lim←− ξα

i : π−1(Uα) −→ Uα ×H2(F,F)
is a diffeomorphism since it is a projective limit of diffeomorphisms.

For an open subset U in E, define a Christoffel map Γ on U to be a smooth
mapping Γ : U −→ L2(E,E) and for every chart (U,ϕ) of M a Christoffel map
is locally a smooth mapping Γϕ : ϕU −→ L2(E,E).

Definition 2.8. M is endowed with a Christoffel structure {Γϕ} if for every
choice of charts (U,ϕ) and (V, ψ) with U ∩ V 6= Ø, the following relation holds
true:

Γψ(v)(DF (u).e1, DF (u).e2) = DF (u).Γϕ(u)(e1, e2) +D2F (u).(e1, e2)

where e1, e2 ∈ E, ϕm = u, ψm = v and F = ψ ◦ ϕ−1.
For v, w ∈ TmM we can express this condition as follows:

Γψ(v)(vψ, wψ) = DF (u).Γϕ(u)(vϕ, wϕ) +D2F (u).(vϕ, wϕ)

where ϕm = u, vψ = DF (u).vϕ, wψ = DF (u).wϕ, v = [U,ϕ, vϕ] and w =
[U,ϕ,wϕ] (see also [23]).

In a similar manner one can define the Christoffel map for the non-Banach
case as follows: Let U = lim←−Ui be an open subset of F = lim←−Ei. A Christoffel
map on U = lim←−Ui, is a projective limit smooth mapping Γ = lim←−Γi : U −→
H2(F,F). Note that for each chart (U = lim←−Ui, ϕ = lim←−ϕi) of M , lim←−Γϕi :=
Γϕ : ϕU −→ H2(F,F) defines a Christoffel map on U . Now we can state the
following definition for Fréchet manifolds.

Definition 2.9. M = lim←−Mi is endowed with a Christoffel structure {Γϕ =
lim←−Γϕi

}, if for every pair of charts (U = lim←−Ui, ϕ = lim←−ϕi) and (V = lim←−Vi, ψ =
lim←−ψi) around m = (mi)i∈N the following relation is satisfied:

Γψ(v)(DF (u).e1, DF (u).e2) = DF (u).Γϕ(u)(e1, e2) +D2F (u).(e1, e2),

where e1 = (ei1)i∈N, e2 = (ei2)i∈N ∈ F, lim←−ϕimi = lim←−ui = u, lim←−ψimi =
lim←− vi = v and F = lim←−Fi = lim←−ψi ◦ ϕi

−1. For v, w ∈ TmM = lim←−TmiMi this
condition takes the form

Γψ(v)(vψ, wψ) = DF (u).Γϕ(u)(vϕ, wϕ) +D2F (u).(vϕ, wϕ)

where lim←−ϕimi = lim←−ui = u, vψ = lim←−DFi(ui).vϕi
, wψ = lim←−DFi(ui).wϕi

,
v = ([Ui, ϕi, vϕi

]i)i∈N and w = ([Ui, ϕi, wϕi
]i)i∈N.
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3 Connections and Hessian structures

A connection on M by Koszul’s definition (see [15]) is a smooth mapping

∇ : χ(M)× χ(M) −→ χ(M)
(X,Y ) 7−→ ∇XY

such that on every local chart (U,ϕ) on M , there exists a smooth map Γϕ :
ϕU −→ L2(E,E) with

(∇XY )(ϕm) = DYϕ(ϕm).Xϕ(ϕm)− Γϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm)); ∀m ∈ U.

We prove in the sequel that if ∇ is a connection on M , then {Γϕ} forms a
Christoffel structure on M . Conversely if {Γϕ} is a Christoffel structure on M
and X,Y ∈ χ(U), then a connection ∇ can be defined by

(∇XY )(m) = Tϕ−1[DYϕ(ϕm).Xϕ(ϕm)− Γϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm))]

(see [23]).
Before proceeding to results, it is necessary to prove the following.

Theorem 3.1. The limit ∇ = lim←−∇i of a projective system of connections
{∇i}i∈N is a connection on M = lim←−Mi.

Proof. For i ≤ j, let (Uj , ϕj) be a chart of Mj around mj and (Ui, ϕi) be a
chart of Mi at ϕjimj = mi. Moreover for every i ∈ N, let Xϕi

: ϕiUi −→ Ei
be the local principal part of Xi ∈ χ(Mi). Since ∇ is a smooth mapping as a
projective limit of smooth factors, to prove the theorem it suffices to check that
ρji ◦ ∇Xϕj

Yϕj
= ∇Xϕi

Yϕi
◦ ρji.

The last equality holds since for mj ∈ Uj ;

ρji ◦ ∇Xϕj
Yϕj

(ϕjmj)

= ρjiDYϕj
(ϕjmj).Xϕj

(ϕjmj)︸ ︷︷ ︸
∗

− ρjiΓϕj (ϕjmj)(Xϕj (ϕjmj), Yϕj (ϕjmj))︸ ︷︷ ︸
∗∗

= ∇Xϕi
Yϕi(ϕimi) = ∇Xϕi

Yϕiρji(ϕjmj)

Note that

∗ =
d

dt
ρjiYϕj

(ϕjmj + tXϕj
(ϕjmj))|t=0

=
d

dt
Yϕi

ρji(ϕjmj + tXϕj
(ϕjmj)))|t=0

=
d

dt
Yϕi(ϕimi + tXϕi(ϕimi))|t=0

= DYϕi(ϕimi).Xϕi(ϕimi)

and

∗∗ = Γϕi(ϕimi)(ρji × ρji)(Xϕj (ϕjmj), Yϕj (ϕjmj))
= Γϕi(ϕimi)(Xϕi(ϕimi), Yϕi(ϕimi))
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Based on Theorem 3.1 we may now establish several important properties.

Theorem 3.2. If ∇ = lim←−∇i is a connection on M = lim←−Mi, then {Γϕ =
lim←−Γϕi

} forms a Christoffel structure on M .

Proof. Let (U=lim←−Ui, ϕ=lim←−ϕi), (V=lim←− vi, ψ=lim←−ψi) be two charts through
m = (mi)i∈N ∈ M and lim←−ϕimi = lim←−ui = u, F = lim←−Fi = lim←−(ψi ◦ ϕi−1).
Furthermore, suppose that Xϕ = lim←−Xϕi

, then

[DYψ.Xψ](F (u)) = [D lim←−Yψi . lim←−Xψi ](lim←−Fi(lim←−ui)) = lim←−[[DYψi .Xψi ](Fi(ui))]
= lim←−[DYψi(Fi(ui)).Xψi(Fi(ui))] = lim←−[DYψi(Fi(ui)).DFi(ui).Xϕi(ui)]
= lim←−[D(Yψi ◦ Fi)(ui).Xϕi(ui)] = lim←−[D(DFi.Yϕi(ui).Xϕi(ui)]

= lim←−[D2Fi(ui)(Xϕi , Yϕi) +DFi(ui).DYϕi(ui).Xϕi(ui)].

But

(∇XY )ϕ ◦ F = lim←−[(∇Xi
Yi)ϕi

◦ Fi] = lim←−[(DYψi
.Xψi

) ◦ Fi − Γψi
(Xψi

, Yψi
)]

= lim←−[D2Fi(Xϕi
, Yϕi

) +DFi.(DYϕi
.Xϕi

)− Γψi
(Xψi

, Yψi
)],

hence

Γψ(Xψ, Yψ) = lim←−[Γψi
(Xψi

, Yψi
)] = lim←−[D2Fi(Xϕi

, Yϕi
) +

DFi.(DYϕi
.Xϕi

)−DFi.(∇Xi
Yi)ϕi

] = D2F (Xϕ, Yϕ) +DF.Γϕ(Xϕ, Yϕ).

i.e. {Γϕ = lim←−Γϕi} forms a Christoffel structure on M = lim←−Mi.

Remark 3.3. The converse also of Theorem 3.2 can be obtained by setting

(∇XY )(m) = lim←−[Tϕ−1
i [DYϕi

(ϕimi).Xϕi
(ϕimi)−

Γϕi
(ϕimi)(Xϕi

(ϕimi), Yϕi
(ϕimi))]],

where {Γϕ = lim←−Γϕi} is a Christoffel structure on M . Moreover for f = lim←− fi ∈
C∞(M) and X,Y ∈ χ(M),∇ satisfies the following conditions:
(i)∇ is real linear in X and Y ,
(ii)∇fXY = f∇XY ,
(iii)∇X(fY ) = f∇XY + (Xf)Y .

In anticipation of the sequel, a Hessian structure on M is a mapping H :
f 7−→ Hf , which associates to every f ∈ C∞(M) a covariant 2-tensor Hf on
M such that on a local chart (U,ϕ) of M and for every X,Y ∈ χ(M), there
exists a smooth map Γϕ : ϕU −→ L2(E,E) with

[Hf(X,Y )]ϕ(ϕm) = D2fϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm)) +
Dfϕ(ϕm).Γϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm)).

It turns out that Hf is a Hessian structure on M if and only if M admits
the Christoffel structure {Γϕ}. Moreover, there is a one-to-one correspondence
between Hessian structures and connections given by Hf(X,Y ) = X(Y (f)) −
(∇XY )f . (For more details see [23]).

Here we study the above results for projective limit manifolds. However,
we should consider just the smooth functions and smooth vector fields such
that F(M) = {(fi)i∈N : fi : Mi −→ R is continuous and lim←− fi exists} and
G(M) = {(Xi)i∈N : Xi is a vector field on Mi and lim←−Xi exists} respectively.
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Proposition 3.4. The limit of a projective system of Hessian structures on
{Mi}i∈N is a Hessian structure on M = lim←−Mi.

Proof. For every i ∈ N, let fi ∈ C∞(Mi) and Xi, Yi ∈ χ(Mi). Consider a chart
(Ui, ϕi) on Mi. Assume that Γϕi : ϕiUi −→ L2(Ei,Ei) is a smooth map such
that

[Hifi(Xi, Yi)]ϕi
(ϕimi) = D2fiϕi

(ϕimi)(Xϕi
(ϕimi), Yϕi

(ϕimi)) +
Dfiϕi

(ϕimi).Γϕi
(ϕimi)(Xϕi

(ϕimi), Yϕi
(ϕimi)).

Hence we must check that for j ≥ i, [Hjfj(Xj , Yj)]ϕj = [Hifi(Xi, Yi)]ϕi ◦ρji.
For mj ∈ Uj ;

[Hjfj(Xj , Yj)]ϕj
(ϕjmj) = D2fjϕj

(ϕjmj)(Xϕj
(ϕjmj), Yϕj

(ϕjmj))︸ ︷︷ ︸
∗

+

Dfjϕj
(ϕjmj).Γϕj

(ϕjmj)(Xϕj
(ϕjmj), Yϕj

(ϕjmj))︸ ︷︷ ︸
∗∗

.

= [Hifi(Xi, Yi)]ϕi
(ϕimi) = [Hifi(Xi, Yi)]ϕi

ρji(ϕjmj).

Note that;

Dfjϕj
(ϕjmj)(Xϕj

(ϕjmj)) = D(fiϕi
◦ ρji)(ϕjmj)(Xϕj

(ϕjmj))

=
d

dt
(fiϕi

◦ ρji)(ϕjmj + tXϕj (ϕjmj))|t=0

=
d

dt
fiϕi

(ϕimi + tXϕi
ρji(ϕjmj))|t=0

=
d

dt
fiϕi

(ϕimi + tXϕi
(ϕimi))|t=0 = Dfiϕi

(ϕimi)(Xϕi
(ϕimi)),

and consequently

∗ = D2(fj ◦ ϕj−1)(ϕjmj)(Xϕj (ϕjmj), Yϕj (ϕjmj))
= D

(
D(fiϕi

◦ ρji)(ϕjmj)(Xϕj (ϕjmj))
)
[Yϕj (ϕjmj)]

= D
(
Dfiϕi

(ϕimi)(Xϕi
(ϕimi)

(
[Yϕi

(ϕimi)]

= D2fiϕi
(ϕimi)(Xϕi

(ϕimi), Yϕi
(ϕimi)).

Moreover

∗∗ = D(fiϕi
◦ ρji)(ϕjmj).Γϕj

(ϕjmj)(Xϕj
(ϕjmj), Yϕj

(ϕjmj))

=
d

dt
(fiϕi

◦ ρji)(ϕjmj + tΓϕj (ϕjmj)(Xϕj (ϕjmj), Yϕj (ϕjmj))|t=0

=
d

dt
fiϕi

(ϕimi + tΓϕi
(ϕimi)(ρji × ρji)(Xϕj

(ϕjmj), Yϕj
(ϕjmj))|t=0

= Dfiϕi
(ϕimi).Γϕi

(ϕi(mi)(Xϕi
(ϕi(mi), Yϕi

(ϕimi)).

Hence lim←−[Hifi(Xi, Yi)]ϕi = [Hf(X,Y )]ϕ where f ∈ F(M), ϕ = lim←−ϕi and
X,Y ∈ G(M).

Next, Theorem 3.5 proves that there is a one-to-one correspondence between
Hessian structures and connections on Fréchet manifolds.
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Theorem 3.5. Let ∇ = lim←−∇i be a connection on M = lim←−Mi, and Hf(X,Y ) :=
X(Y (f))−(∇XY )f . Then H is a Hessian structure on M . Conversely the con-
nection which obtained as projective limit of connections arises from a Hessian
structure.

Proof. Let v, w ∈ TmM = lim←−Tmi
Mi and (U=lim←−Ui,ϕ=lim←−ϕi be a chart

around m = (mi)i∈N. Consider vector fields lim←−Xi, lim←−Yi ∈ χ(lim←−Ui) with
lim←−Xi(mi) = v and lim←−Yi(mi) = w. Suppose ∇ = lim←−∇i be a connection on
M = lim←−Mi, then {Γϕ = lim←−Γϕi} is a Christoffel structure on M . Hence

X(Y (f))(m)− (∇XY ).f(m) = Xϕ(Yϕ(fϕ))(ϕm)− (∇XY )ϕ(fϕ)(ϕm)
= lim←−[Xϕi

(Yϕi
(fϕi

))(ϕimi)− (∇Xi
Yi)ϕi

(fiϕi
)(ϕimi)]

= lim←−[D(Dfiϕi
.Yϕi

)(ϕimi).Xϕi
(ϕimi)−Dfiϕi

(ϕimi).(∇Xi
Yi)ϕi

(ϕimi)]
= lim←−[D2fiϕi

(ϕimi)(Xϕi
(ϕimi), (Yϕi

(ϕimi)
+Dfiϕi

(ϕimi).DYϕi(ϕimi).Xϕi(ϕimi)−Dfiϕi
(ϕimi)[DYϕi(ϕimi).Xϕi(ϕimi)

− Γϕi
(ϕimi)(Xϕi

(ϕimi), (Yϕi
(ϕimi)]]

= lim←−[D2fiϕi
(ϕimi)(Xϕi

(ϕimi), Yϕi
(ϕimi)) +

Dfiϕi
(ϕimi).Γϕi

(ϕimi)(Xϕi
(ϕimi), Yϕi

(ϕimi))]
= lim←−[[Hifi(Xi, Yi)]ϕi

(ϕimi)] = [Hf(X,Y )]ϕ(ϕm).
Conversely if Hf = lim←−Hifi is a Hessian structure on M = lim←−Mi then
{Γϕ = lim←−Γϕi} forms a Christoffel structure on M . Now we have

X(Y (f))(m)−Hf(X,Y )(m) = Xϕ(Yϕ(fϕ))(ϕm)− [Hf(X,Y )]ϕ(ϕm)
= lim←−[Xϕi

(Yϕi
(fϕi

))(ϕimi)− [Hifi(Xi, Yi)]ϕi
(ϕimi)]

= lim←−[D2fiϕi
(ϕimi)(Xϕi

(ϕimi), (Yϕi
(ϕimi)+Dfiϕi

(ϕimi).DYϕi
(ϕimi).Xϕi

(ϕimi)
−D2fiϕi

(ϕimi)(Xϕi(ϕimi), Yϕi(ϕimi))
−Dfiϕi

(ϕimi).Γϕi(ϕimi)(Xϕi(ϕimi), Yϕi(ϕimi))]
= lim←−[Dfiϕi

(ϕimi).(∇Xi
Yi)ϕi

(ϕimi)] = lim←−[(∇Xi
Yi)ϕi

(fiϕi
)(ϕimi)]

= (∇XY )ϕ(fϕ)(ϕm)

4 Sprays

Definition 4.1. A spray ζ is a second order vector field on M such that on a
local chart (U,ϕ) it is determined by a smooth mapping Γϕ : ϕU −→ L2

s(E,E)
in the following way:

[ζ(v)]ϕ(ϕm, vϕ) = (vϕ,Γϕ(ϕm)(vϕ, vϕ)); m ∈ U, v ∈ TmM

(see [23]). Note that this definition coincides with the one given in [24].

Theorem 4.2. The limit of a projective system of sprays on Mi is a spray on
M = lim←−Mi.

Proof. For every i ∈ N, let ζi be a second order vector field on Mi. Moreover
suppose that (lim←−Ui, lim←−ϕi) is a chart of M = lim←−Mi. Then on the chart
(Ui, ϕi) on Mi, ζi is determined by the map Γϕi

: ϕiUi −→ L2(Ei,Ei) with the
property

[ζi(vi)]ϕi
(ϕimi, vϕi

) = (vϕi
,Γϕi

(ϕimi)(vϕi
, vϕi

)); mi ∈ Ui, vi ∈ Tmi
Mi.
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To prove the result, it suffices to check that for j ≥ i,

(ρji × ρji)[ζj(vj)]ϕj
= [ζi(vi)]ϕi

(ρji × ρji).

Indeed for every mj ∈ Uj and vj = [Uj , ϕj , vϕj
] ∈ Tmj

Mj one obtains;

(ρji × ρji)[ζj(vj)]ϕj (ϕjmj , vϕj ) = (ρji × ρji)(vϕj ,Γϕj (ϕjmj)(vϕj , vϕj ))
= (vϕi ,Γϕi(ϕimi)(ρji × ρji)(vϕj , vϕj )) = (vϕi ,Γϕi(ϕimi)(vϕi , vϕi))
= [ζi(vi)]ϕi(ϕimi, vϕi) = [ζi(vi)]ϕi(ρji(ϕjmj), ρji(vϕj ))
= [ζi(vi)]ϕi(ρji × ρji)(ϕjmj , vϕj ).

As mentioned in [23] if ζi is a spray on Mi, for every pair of charts (Ui, ϕi) and
(Vi, ψi) of Mi at mi, the transformation formula for Γϕi

is

Γψi
(ψimi)(vψi

, vψi
) = D2Fi(ϕi)(vϕi

, vϕi
) +DFi(ϕimi).Γϕi

(ϕimi)(vϕi
, vϕi

)

where Fi = ψ ◦ ϕ−1 and vi = [Ui, ϕi, vϕi
] ∈ Tmi

Mi. Suppose that ζ = lim←− ζi be
a spray on M = lim←−Mi. Then for charts (U=lim←−Ui, ϕ=lim←−ϕi) and (V=lim←−Vi,
ψ=lim←−ψi) at m = (m)i∈N ∈M and v = [U,ϕ, vϕ] ∈ TmM :

Γψ(ψm)(vψ, vψ) = lim←−Γψi(ψimi)(vψi , vψi)

= lim←−[D2Fi(ϕimi)(vϕi , vϕi) +DFi(ϕimi).Γϕi(ϕimi)(vϕi , vϕi)]

= D2F (ϕm)(vϕ, vϕ) +DF (ϕm).Γϕ(ϕm)(vϕ, vϕ)

It means that the spray ζ = lim←− ζi defines the Christffel structure {Γϕ = lim←−Γϕi}
on M = lim←−Mi.

5 Dissections

The concept of dissection is considered next. Kumar and Viswanath [23] es-
tablished a one-to-one correspondence between dissections of M and Christoffel
structures on M for a Banach manifold M . We extend this correspondence to
projective limit manifolds.

For m ∈ M , let Gm := {f ∈ C∞(Um) : Um is a neighbourhood of m}
and G0

m := {f ∈ Gm : f(m) = 0}. Define the space of 1-jets at m, denoted
by JmM , to be the set of all equivalence classes in G0

m, where two functions
f, g ∈ G0

m are equivalent if on every chart (U,ϕ) of M , the following relation
holds true: Dfϕ(ϕm) = Dgϕ(ϕm). In a similar way for every chart (U,ϕ)
of M , one may define J2

mM := {[f ] ∈ JmM : D2fϕ(ϕm) = D2gϕ(ϕm),∀g ∈
[f ]}. If s ∈ J2

mM , then the local representation of s on the chart (U,ϕ) is
sϕ = αϕ ⊕Bϕ ∈ E∗ ⊕ L2

s(E,R) with transformation rule αψ = αϕ ◦DG(v) and
Bψ = Bϕ ◦ (DG(v)×DG(v)) +αϕ ◦DG(v)◦D2F (u)◦ (DG(v)×DG(v)), where
αϕ is the local representation of α ∈ T ∗mM , G = ϕ ◦ ψ−1, u = ϕm and v = ψm
(for more details see [23]).

Definition 5.1. A dissection on M is a map that to every m ∈ M assigns a
closed subgroup of J2

mM say Dm. This is done in such a way that for every
chart (U,ϕ) there exists a smooth mapping Γϕ : ϕU −→ L2

s(E,E) such that
Bϕ = αϕ ◦ Γϕ(u) for s ∈ Dm and sϕ = αϕ ⊕ Bϕ. In other words [Dm]ϕ =
{α⊕ α ◦ Γϕ(u) : α ∈ E∗} ([23]).
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We extend Kumar and Viswanath’s results to projective limit Fréchet man-
ifolds.

Proposition 5.2. If {Mi}i∈N is a projective system of manifolds and lim←− J
2
mi
Mi

exists then lim←− J
2
mi
Mi = J2

(mi)
lim←−Mi (set-theoretically).

Proof. Let Gm := {(fi)i∈N; fi : Umi −→ R is continuous and lim←− fi exists} and
G0
m := {(fi)i∈N ∈ Gm : fi(mi) = 0, ∀i ∈ N}. By defining

p : J2
mM −→ lim←− J

2
mi
Mi

[f,m] 7−→ ([fi,mi]i)i∈N

It can be checked that p is well defined; moreover, p is one to one since p[f,m] =
p[g,m] yields

[fi,mi]i = [gi,mi]i, i ∈ N.

Hence [f,m] = [lim←− fi, (mi)i∈N]i = lim←−[fi,mi]i = lim←−[gi,mi]i = [lim←− gi, (mi)i∈N] =
[g,m].
Furthermore p is surjective. In fact if ([fi,mi]i)i∈N is an arbitrary element
of lim←− J

2
mi
Mi, we define a = [lim←− fi, (mi)i∈N]. Then p(a) = ([fi,mi]i)i∈N and

therefore p is an isomorphism between J2
mM and lim←− J

2
mi
Mi.

Theorem 5.3. The limit of a projective system of dissections of {Mi}i∈N is a
dissection of lim←−Mi = Mi.

Proof. For every i ∈ N, suppose Dmi is the closed subgroup of J2
mi
Mi with the

above mentioned properties. Moreover for j ≥ i,

Bϕj = αϕj ◦ Γϕj (uj) = (αϕi ◦ ρji) ◦ Γϕj (uj) = αϕi ◦ (Γϕi(ui) ◦ (ρji × ρji))
= Bϕi ◦ (ρji × ρji).

Therefore lim←−Dmi exists and it is a dissection on M = lim←−Mi.

If lim←−Dmi is a dissection of lim←−Mi = M and (U=lim←−Ui, ϕ=lim←−ϕi), (V=lim←−Vi,
ψ=lim←−ψi) are two charts at m = (mi)i∈N ∈M , then

Γψ(v) = lim←−Γψi
(vi) = lim←−[D2Fi(ui) ◦ (DGi(vi)×DGi(vi))
+DFi(ui) ◦ Γϕi

(ui) ◦ (DGi(vi)×DGi(vi))]
= D2F (u) ◦ (DG(v)×DG(v)) +DF (u) ◦ Γϕ(u) ◦ (DG(v)×DG(v)),

which precisely coincides with the Christoffel structures {Γϕ = lim←−Γϕi
}. (For

more details see [23].) Hence we get the following result.

Corollary 5.4. There is one-to-one correspondence between dissections and
Christoffel structures on M = lim←−Mi.
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6 Examples

Example 6.1. The direct connection
Let G be a Banach Lie group with the model space E. Consider the mapping
µ : G× ð −→ TG given by µ(m, v) = Teλm(v), where λm is the left translation
on G and ð is the Lie algebra of G. According to Vassiliou [31], there exists
a unique connection ∇G on G which is (µ, idG)−related to the canonical flat
connection on the trivial bundle L = (G × ð, pr1, G). Locally the Christoffel
symbols ΓG of ∇G are given by

ΓGϕ (x)(a, b) = Dfϕ(x)(a, f−1
ϕ (m)(b)); x ∈ ϕU, a, b ∈ E

where fϕ is the local expression of the isomorphism Teλx : TeG −→ TxG and
(U,ϕ) chart of G. If G = lim←−Gi is obtained as a projective limit of Banach Lie
groups and ∇Gi is the direct connection on Li = (Gi × ði, pr1, Gi), then ∇G =
lim←−∇

Gi is exactly the direct connection on L = (lim←−Gi×lim←− ði, pr1, lim←−Gi) [21].
Also, ∇G determines a unique spray on G = lim←−Gi locally given by

[ζG(v)]ϕ(ϕm, vϕ) = (vϕ,ΓGϕ (ϕm)(vϕ, vϕ)); m ∈ U, v ∈ TmG.

Moreover, using ∇G the Christoffel structure {Γϕ} and Hessian structure HG

are obtained where HG is locally given by

[HGf(X,Y )]ϕ(ϕm) = D2fϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm)) +
Dfϕ(ϕm).ΓGϕ (ϕm)(Xϕ(ϕm), Yϕ(ϕm)).

Example 6.2. The flat connection
Let M = E with the global chart (E, idE). The canonical flat connection ∇C on
the trivial bundle (M × E, pr1,M) is locally given by the Christoffel structure
{ΓC}, where ΓC(x)(u) = 0, for every (x, u) ∈ E × E. Let M = F = lim←−Ei
and consider it with the global chart (F, idF) = lim←−(Ei, idEi). For the canonical
flat connection ΓC = lim←−ΓCi on (M × F, pr1,M), the spray ζC and the Hessian
structure HC are given by

[ζC(v)]ϕ(ϕm, vϕ) = (vϕ); m ∈ U, v ∈ TmM

and

[HCf(X,Y )]ϕ(ϕm) = D2fϕ(ϕm)(Xϕ(ϕm), Yϕ(ϕm)).

7 Ordinary differential equations

A curve γ : (−ε, ε) −→ M is called autoparallel or a geodesic with respect to
the connection ∇ if ∇TγTγ = 0 ([32]). Let (U,ϕ) be a local chart on M and
set γϕ := ϕ ◦ γ : (−ε, ε) −→ E, γ′ϕ(t) := Tγϕ : (−ε, ε) −→ TE.

In this case the local expression of ∇TγTγ = 0 takes the form:

∇TγϕTγϕ(γϕ(t) = Dγ′ϕ(t).γ′ϕ(t)− Γϕ(γϕ(t))[γ′ϕ(t), γ′ϕ(t)] = 0.

Every spray is a second order vector field, hence every integral curve of ζ is
the canonical lifting of π ◦ β, so T (π ◦ β) = β. The curve γ : (−ε, ε) −→ M



M. Aghasi, A.R. Bahari, C.T.J. Dodson, G.N. Galanis and A. Suri 13

is a geodesic spray with respect to ζ if Tγ is an integral curve for ζ, namely,
TTtγ(vt)Ttγ(vt) = ζTtγ(vt), where vt ∈ TtR with pr2(vt) = 1. In local charts we
have;(
ζ(Ttγ(vt))

)
ϕ

(γϕ(t), Dtγϕ(vt)) =
(
γϕ(t),Γϕ(γϕ(t))[Dtγϕ(vt), Dtγϕ(vt)]

)
.

and

(TTtγ(vt)Ttγ(vt))ϕ =
(
Dtγϕ(vt), DDtγϕ(vt)Dtγϕ(vt, vt)

)
:= (γ′ϕ(t), γ′′ϕ(t))

So γ must satisfy the (local) equation

γ′′ϕ(t) = Γϕ(γϕ(t))(γ′ϕ(t), γ′ϕ(t)).

Consequently the following theorem holds for Banach modelled manifolds.

Theorem 7.1. Let ζ be the spray assigned to ∇. There is a one-to-one corre-
spondence between geodesics of ∇ and geodesic sprays of ζ.

Here we try to generalize this to the case of Fréchet manifolds where diffi-
culties arise due to intrinsic problems of the model spaces of these manifolds
and mainly due to the inability to solve general differential equations (see [3],
[17] and [27]). We show that if one focuses on the category of projective limit
manifolds, then similar results can be obtained.

Theorem 7.2. Let M = lim←−Mi and ζ = lim←− ζi be a spray on M with k-Lipschitz
local components. Let x0 ∈M and y0 ∈ Tx0M . If for a chart (U,ϕ) around x0,
Mϕ = sup{

(
pi(x0)2 + pi(Γϕ(x0)[y0, y0])2

)1/2; i ∈ N} < ∞, then there exists a
locally unique geodesic spray γ : (−ε, ε) −→M such that γ(0) = x0, Ttγ(0) = y0
and ε > 0 is independent of the index i.

Proof. Let ζ : TM −→ TTM be a spray. Consider {ζi}i∈N, x0 = (x0i)i∈N ∈
lim←−Mi and y0 = (y0i)i∈N ∈ lim←−Tx0i

Mi. For every i ∈ N, ζi is a spray on Mi.
Since Mi is a Banach manifold, by the existence theorem for ordinary differential
equations, there exists γi : (−εi, εi) −→Mi with

γi
′′
ϕi

(t) = Γϕi
(γϕi

(t))[γi′ϕi
(t), γi′ϕi

(t)], (2)

satisfying γi(0) = x0i and Ttγi(0) = y0i. For j ≥ i, we claim that ϕji ◦ γj = γi
and consequently {γi}i∈N forms a projective system of curves on {Mi}i∈N with
the limit γ = lim←− γi. Note that

(ϕi ◦ ϕji ◦ γjϕj
)′′(t) = (ρji ◦ ϕj ◦ γjϕj

)′′(t) = ρji(ϕj ◦ γjϕj
)′′(t)) = ρjiΓϕj

(γjϕj
(t))

(γj ′ϕj
(t), γj ′ϕj

(t)) = Γϕi
((ρji ◦ ϕj ◦ γjϕj

)(t))[(ρji ◦ ϕj ◦ γjϕj
)′(t), (ρji ◦ ϕj ◦ γjϕj

)′(t)]

= Γϕi((ϕi ◦ ϕji ◦ γjϕj
)(t))[(ϕi ◦ ϕji ◦ γjϕj

)′(t), (ϕi ◦ ϕji ◦ γjϕj
)′(t)].

Moreover (ϕji◦γj)(0) = ϕji(x0j) = x0i and Tt(ϕji◦γj)(0) = y0i. By uniqueness
of solutions for ordinary differential equations on Banach spaces (manifolds) we
have ϕji ◦ γj = γi and consequently γ = lim←− γi exists. Furthermore

TTtγ(vt)Ttγ(vt) = {TTtγi(vt)Ttγi(vt)}i∈N = {ζi(Ttγi(vt))}i∈N = ζ(Ttγ(vt)).
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According to Theorem 9.1, ε does not converge to 0 and consequently there
exists ε > 0 such that γ : (−ε, ε) −→ M is a local geodesic spray with respect
to ζ.

Let β : (−ε1, ε1) −→ M be another curve such that TTtβ(vt)Ttβ(vt) =
ζ(Ttβ(vt)), satisfying in the above boundary conditions. For every i ∈ N,
βi = ψi ◦ β satisfies in equation (2) with βi(0) = x0i and Ttβi(0) = y0i. Hence
βi = γi and consequently β = lim←−βi = lim←− γi = γ on the intersection of their
domains.

Finally in a similar way one can prove the theorem for geodesics with respect
to the connection ∇. As a conclusion we can state the following corollary.

Corollary 7.3. For a projective limit manifold M = lim←−Mi there is a one-
to-one correspondence between (linear) connections and sprays. Moreover, the
geodesics of ∇ are geodesic sprays of ζ.

8 Parallel translation

Vilms [32] defines a connection onM as a vector bundle morphism∇ : T (TM) −→
TM . So ∇ is fully determined by its local components, called Christoffel sym-
bols, denoted by {Γα}α∈I corresponding to an atlas of charts {(Uα, ϕα)}α∈I
of M . Then, Γϕ : ϕU −→ L2(E,E), and for two charts (U,ϕ) and (V, ψ) at
m ∈M , e1, e2 ∈ E, u = ϕ(m), v = ψ(m), F = ψ ◦ ϕ−1 we have

Γψ(v)((DF (u).e1, DF (u).e2) = DF (u).Γϕ(u)(e1, e2) +D2F (e1, e2).

Clearly, our definition coincides with the above; we next consider parallel trans-
port of vectors along a curve.

Theorem 8.1. Given ∇ : T (TM) −→ TM a connection on (TM,M, π), take
a smooth curve c : (a, b) −→ M with 0 ∈ (a, b), c(0) = x. Then, there is a
neighbourhood U of TxM ×{0} ⊆ TxM × (a, b) and a smooth mapping c̄ : U −→
TM such that:
(i) π(c̄(ux, t)) = c(t) and c̄(ux, 0) = ux,
(ii) ∇( ddt (c̄)(ux, t)) = 0.

Proof. For every (U,ϕ) chart of M , ∇( ddt c̄(ux, t)) = 0, locally gives
−Γα(c(t))

(
d
dtc(t), γ(y, t)

)
+ d
dtγ(y, t) = 0, where Tϕ(c̄(c, Tϕ−1(x, y), t)) := (c(t), γ(y, t))

(i.e. γ : E× (a, b) −→ S). For M a Banach manifold, by the existence theorem
for differential equations, c̄ always exists.

Using our method one can prove a similar theorem for parallel transport
along curves in the category of projective limit manifolds. The equivalence
of linear connections with sprays means that parallel transport is equivalently
determined by a spray [22].

Example 8.2. Geodesics on the diffeomorphism group of the circle
The main reference for this example is Constantin and Kolev [9]. Let D =

Diff(S1)+ be the group of all smooth orientation-preserving diffeomorphisms
of the circle S1. We can endow D with a smooth manifold structure based on
the Fréchet space C∞(S1).
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Moreover a right invariant weak Riemannian metric on D is defined. Note that
C∞(S1) =

⋂
n≥2k+1H

n(S1) where Hn(S1), n ≥ 0 is the space L2(S1) of all
square integrable functions f with the distributional derivatives up to order n,
∂ix with i = 0, 1, ..., n, in L2(S1). Hn(S1), n ≥ 0 is a Hilbert space with the
norm

‖f‖2n =
n∑
i=0

∫
S

(∂ixf)2(x)dx.

The main difference of this example for our method lies in the existence of a
metric and this allows us to prove the length minimizing property of geodesics.

We move this problem to the projective limit framework. In this special case
like [28] the connecting morphisms of the model space are inclusions

ρn+1,n : Hn+1 ↪→ Hn

f 7−→ f

The meaning of this morphism is clear, namely if f ∈ Hn+1 with the norm
on Hn+1 then

∑n+1
i=0

∫
S

(∂ixf)2(x)dx < ∞. Clearly
∑n
i=0

∫
S

(∂ixf)2(x)dx < ∞,
so the function f belongs precisely to Hn. Consequently if f ∈

⋂
n≥2k+1H

n(S1)
then (f) ∈ lim←−H

n(S1) and, conversely, C∞(S1) =
⋂
n≥2k+1H

n(S1) = lim←−n≥2k+1
Hn(S1).

For ϕ0 ∈ D define U0 = {ϕ ∈ D : ‖ ϕ− ϕ0 ‖C0(S1) < 1/2} and u : u0 −→
C∞(S1) with u(x) = 1

2πi ln
(
ϕ0(x)ϕ(x)

)
, x ∈ S. Then (U0, ψ0) is a local chart

with ψ0(ϕ) = u and change of charts given by ψ2◦ψ−1
1 = u1+ 1

2πi ln(ϕ2ϕ1). Note
that ψ2◦ψ−1

1 : ψ1(u1) ⊆ C∞(S1) −→ ψ2(u2) ⊆ C∞(S1) can be recognized as the
projective limit on Hilbert components, say (ψ2 ◦ ψ−1

1 )i : Hi(S1) −→ Hi(S1) ,
(ψ2◦ψ−1

1 ) = lim←−(ψ2◦ψ−1
1 )i. These maps are called k-Lipschitz and so (ψ2◦ψ−1

1 ).
This structure endows D with a smooth manifold structure based on the Fréchet
space C∞(S1).

Let k ≥ 0, for n ≥ 0 define the linear seminorms Ak : Hn+2k(S1) −→ Hn(S1)
with Ak = 1− d2

dx2 +...+(−1)k d2k

dx2k . This enables us to define the bilinear operator
Bk : C∞×C∞ −→ C∞ with Bk(u, v) = Ak

−1(2vxAk(u) + vAk(ux)) u, v ∈ C∞.
Note that B = lim←−n≥2k+1

Bk
n where Bkn : Hn(S1)×Hn(S1) −→ Hn−2k(S1). As

stated in [9], Theorem 1, there exists a unique linear (Riemannian) connection
∇k on D.

If ϕ : J −→ D is a C2-curve satisfying the autoparallel equation with respect
to the linear connection ∇k, then

ut = Bk(u, u), t ∈ J

where u = ϕt ◦ ϕ−1 ∈ TIdD ≡ C∞(S1). The term autoparallel rather than
geodesic is better since there is no underlying Riemannian metric. However the
utilization of a weak Riemannian metric is an issue that remains open. Since
Bk = lim←−Bk

i, is the projective system of bilinear maps (as Christoffel symbols)
we can endow D with the linear connection ∇k = lim←−∇k

i. Given an initial
value we obtain the unique autoparallel ϕ : J −→ D obtained as the projective
limit on Hilbert components. The problem is much easier than the general case.
Specifically, let the solution on the Hn(S1), n ≥ 2k+1 have the manifold domain
[0, Tn) with Tn > 0. If Tn ≤ T≤2k+1 then Tn = T2k+1 for all n ≥ 2k + 1 i.e. the
solution ϕn on Hn(S1), n ≥ 2k defined on [0, T2k+1) for every n.



16 Sprays and connections on Fréchet manifolds

Note that in the general case there is no way to model the diffeomorphism
group of a manifold M on a Banach space. However, there is the possibility to
view Diff(M) as a projective limit of Hilbert manifolds ([29]). Moreover, the
existence of the geodesics in the general case of Diff(M) is an open question,
so using the proposed technique with an appropriate choice of imposed metric
may yield some results.

9 Appendix: Existence and uniqueness theorem
for second order ordinary differential equa-
tions on Fréchet spaces

Start with the assumptions of [20]. Namely, let F be a Fréchet space and {pi}i∈N
be a countable family of seminorms which determine the topology of F.

Theorem 9.1. Let F be a Fréchet space and Φ : R × F × F −→ F a projective
limit k-Lipschitz mapping. For the second order differential equation

x′′ = Φ(t, x, x′) (3)

with the initial condition (t0, x0, y0), if there exists a constant τ ∈ R+ such that

M = sup{
(
pi(y0)2 + pi(Φ(t, x0, y0))2

)1/2
; i ∈ N, t ∈ [t0 − τ, t0 + τ ]} <∞

and a = min{τ, 1
M+k}, then (2) has a unique solution on I = [t0 − a, t0 + a].

Proof. If we set x′ = y, x′ = y, y′ = Φ(t, x, y). Denoting z = (x, y) one takes:

z′ = (x, y)′ = (x′, y′) = (y,Φ(t, x, y)) = Φ̃(t, z) (4)

where Φ̃ : R× F× F× F −→ F× F, is also a k-Lipschitz mapping. Since(
pi(y0)2 + pi(Φ(t, x0, y0))2

)1/2
= pi(y0,Φ(t, x0, y0)) = pi(Φ̃(t, z0));

and

M = sup{pi(Φ̃(t, z0)) =
(
pi(y0)2 + pi(Φ(t, x0, y0))2

)1/2
; i ∈ N, t ∈ [t−0−τ, t−0+τ ]} <∞

by Theorem 3 in [20], (4) has a unique solution on I = [t0 − a, t0 + a] such that
a = min{τ, 1

M+k}. Hence there exists also a solution for (3) say z : I −→ F×F.
If z = (z1, z2) then, z1 and z2 are unique solution for x′ = y and y′ = Φ(t, x, y)
respectively on I. Consequently z1′ = y, y′ = Φ(t, z1, y) i.e.

z1
′′ = Φ(t, z1, z′1) on I.

Note that the interval I is independent of the index i. For each i ∈ N from the
equation

x′′i = Φi(t, xi, x′i)
with the initial condition (t0, x0i, y0

′
i) we have the unique solution xi. On the

other hand for i ≤ j, fji ◦ xj is also a solution of (4) with fji ◦ xj(t0) = x0i and
(fji ◦xj)′(t0) = y0i. Hence fji ◦xj = xi for i ≤ j, i.e. x = lim←−xi can be defined.
Moreover

x′′ = (x′′i )i∈N = (Φi(t, xi, x′i))i∈N = Φ(t, x, x′),
i.e. lim←−xi is a solution for (2). The uniqueness of x follows from the uniqueness
of solution for Banach components.
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Fréchet spaces and Continuum-Cross-Sections, Anal. St. Univ. ‘Al.I. Cuza’,
51 (2005), 41-54.

[21] G. N. Galanis, Projective limits of Banach-Lie groups, Period. Math. Hung.
,vol. 32 (3), (1996) 179-191.

[22] A. Kriegl, P. Michor, The convenient setting of global analysis, vol. 53,
Mathematical surveys and monographs, American Mathematical Society,
Providence, RI, 1997.

[23] R. David Kumar and K. Viswanath, Second-order structures on Banach
manifolds, J. Indian Inst. Sci., Mar.-Apr. 86 (2006) 125-136.

[24] S. Lang, Differential manifolds, Addison-Wesley, Reading Massachusetts,
1972.

[25] H. Omori, On the group of diffeomorphisms on a compact manifold, Proc.
Symp. Pure Appl. Math., XV, Amer. Math. Soc. (1970),167-183.

[26] H. Omori, Infinite-dimensional Lie groups, Translations of Mathematical
Monographs. 158. Berlin: American Mathematical Society (1997).

[27] K-H. Neeb, Infinite Dimensional Lie Groups, 2005 Monastir Summer
School Lectures, Lecture Notes January 2006.
http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/

Preprints/Listen/pp06.html

[28] Omori, Hideki, On Banach Lie groups acting on finite dimensional mani-
folds, Tohoku Math. J. 30 (1978) 223250.

[29] Omori, Hideki, Infinite dimensional Lie transformation groups , Lecture
Notes in Math. 427, Springer-Verlag, Berlin, 1974.

[30] D.J. Saunders, Jet fields, connections and second order differential equa-
tions. J. Phys. A: Math. Gen. 20, (1987) 3261-3270

[31] E. Vassiliou, Transformations of Linear Connections II, Period. Math.
Hung., 17(1) (1986), 1-11.

[32] J. Vilms, Connections on tangent bundles, J. Diff. Geom. 41 (1967) 235-243.


