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Abstract. In this paper we propose a model-theoretic characterisation
of computable metric spaces and computability over them in a finite
language.

1 Introduction

The main goal of the research presented in this paper is to provide a logical
framework for studying computability over computable metric spaces. We con-
sider the following problem. Given a computable metric space is there a finite
predicate language such that effective openness and computability could be char-
acterised by appropriate formulas? In order to attack this problem we represent
a computable matric space as a positive predicate structure in a finite language
and employ Σ–definability theory. In this settings we prove that for every com-
putable metric space there exists a finite predicate language such that the fol-
lowing statements hold.

1. A subset of a computable metric space is effectively open if and only if it is
Σ–definable.

2. The computable functions coincide with the effectively continuous functions
in the topology generated by existential formulas.

3. The existential theory of a computable metric space is computably enumer-
able.

4. A total real-valued function is computable if and only if the epigraph and
the hypograph are Σ-definable.

2 Positive Predicate Structures

Our approach is based on representations of data (discrete or continuous ) by a
suitable structure A = 〈A, σP 〉, where A contains more than one element, and
σP is a finite set of basic predicates. We assume that all predicates Qi ∈ σP occur
? This research was partially supported by EPSRC grant EP/E050441/1, DFG-RFBR
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only positively in Σ-formulas and do not require that the language σP contains
equality. We call such structures as positive predicate structures. Examples of
positive predicate structures for the real numbers, the complex numbers, and the
function space will be considered later on with precise definitions of appropriate
positive predicate languages. Further examples can be found in [8]. In order to
do any kind of computation or to develop a computability theory one has to work
within a structure rich enough for information to be coded and stored. For this
purpose we extend the structure A by the set of hereditarily finite sets HF(A).

The idea that the hereditarily finite sets over A form a natural domain for
computation is quite classical and is developed in detail in [1, 3] for the case
when σ0 contains equality.

We construct the set of hereditarily finite sets, HF(A), as follows:

1. HF0(A) 
 A,
2. HFn+1(A) 
 Pω(HFn(A)) ∪ HFn(A), where n ∈ ω and for every set B,
Pω(B) is the set of all finite subsets of B.

3. HF(A) 

⋃
n∈ω HFn(A).

We define HF(A) as the following model:

HF(A) 
 〈HF(A), U, σP ,∈〉
 〈HF(A), σ〉 ,

where the binary predicate symbol ∈ has the set-theoretic interpretation. Also
we add the predicate symbol U for urelements (elements from A).

The natural numbers 0, 1, . . . are identified with the (finite) ordinals in
HF(A) i.e. ∅, {∅}, {∅, {∅}}, . . . , so in particular, n+ 1 = n ∪ {n} and the set ω
is a subset of HF(A).
The atomic formulas include U(x), x ∈ s, x 6∈s where s ranges over sets, and
also, for every Qi ∈ σP of the arity ni, Qi(x1, . . . , xni

) which has the following
interpretation:

HF(A) |= Qi(x1, . . . , xni) if and only if
A |= Qi(x1, . . . , xni) and, for every 1 ≤ j ≤ ni, xj ∈ A.

The set of existential formulas is the closure of the set of atomic formulas over
σP under ∧,∨ and existential quantifiers.
The set of ∆0-formulas is the closure of the set of atomic formulas under ∧,∨,
bounded quantifiers (∃x ∈ y) and (∀x ∈ y), where (∃x ∈ y) Ψ means the same
as ∃x(x ∈ y ∧ Ψ) and (∀x ∈ y) Ψ as ∀x(x ∈ y → Ψ) where y ranges over sets.
The set of Σ-formulas is the closure of the set of ∆0-formulas under ∧,∨,
(∃x ∈ y), (∀x ∈ y) and ∃x, where y ranges over sets.

Remark 1. It is worth noting that all predicates Qi ∈ σP occur only positively in
all formulas above. Hence if equality is not a basic predicate then in Σ-formulas
we don’t allow equality on the urelements (elements from A).

We are interested in Σ-definability of sets on An which can be considered
as a generalisation of recursive enumerability. The analogy of Σ-definable and
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recursively enumerable sets is based on the following fact. Consider the structure
HF = 〈HF(∅),∈〉 with the hereditarily finite sets over ∅ as its universe and
membership as its only relation. In HF the Σ-definable subsets of ω are exactly
the recursively enumerable sets [1].

The notion of Σ-definability has a natural meaning also in the structure
HF(A).

Definition 1. 1. A relation B ⊆ HF(A)n is Σ-definable, if there exists a Σ-
formula Φ(ā) such that

b̄ ∈ B ↔ HF(A) |= Φ(b̄).

2. A function f : HF(A)n → HF(A)m is Σ-definable, if there exists
a Σ-formula Φ(c̄, d̄) such that

f(ā) = b̄↔ HF(A) |= Φ(ā, b̄).

In similar way we introduce the notion of ∆0-definability.

Theorem 1. A set B ⊆ An is Σ-definable if and only if there exists an effective
sequence of existential formulas in the language σP , {ϕs(x̄)}s∈ω, such that

(x1, . . . , xn) ∈ B ↔ A |=
∨
s∈ω

ϕs(x1, . . . , xn).

Proof. See [6].

Now we discuss links between structures and topological spaces. Let A be a
positive predicate structure. The topology τAΣ is formed by a base which is the
set of subsets definable by existential formulas in the language σP . The following
proposition shows that the topology τAΣ is natural with respect to Σ-definability.

Theorem 2. Every subset of A is effectively open in the topology τAΣ if and only
if it is Σ-definable.

Proof. The claim follows from Theorem 1.

3 A Finite Language for Computable Metric Spaces

For the definition of computable metric space we refer to [14, 15]. Let M =
(M,ν,B, d) be a computable metric space, where B = {br}r∈ω ⊆M is countable
and dense in M , ν : ω → B is a numbering, and d : M ×M → IR is a distance
function computable on (B, ν).
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3.1 Case Studies

Now we consider examples of structures for the classical computable metric
spaces.

1. (The real numbers) IR =
〈
IR,M∗E ,M∗H ,P

+
E ,P

+
H , <

〉
, where M∗E ,M∗H are

interpreted as the open epigraph and the open hypograph of multiplication
respectively, and P+

E ,P
+
H are interpreted as the open epigraph and the open

hypograph of addition respectively.
2. (The complex numbers) C = 〈C, , P1, . . . , P12〉, where the predicates P1, . . . , P12

have the following meanings for every x, y, z ∈ C.
The first group formalises relations between Re and Im of two complex
numbers.

C |= P1(x, y)↔ Rex < Re y; C |= P2(x, y)↔ Imx < Imy;
C |= P3(x, y)↔ Rex < Imy; C |= P4(x, y)↔ Imx < Re y.

The second group formalises properties of operations.

C |= P5(x, y, z) ↔ Rex+Re y < Re z;
C |= P6(x, y, z) ↔ Rex+Re y > Re z;
C |= P7(x, y, z) ↔ Rex ·Re y < Re z;
C |= P8(x, y, z) ↔ Rex ·Re y > Re z;
C |= P9(x, y, z) ↔ Imx+ Imy < Imz;
C |= P10(x, y, z)↔ Imx+ Imy > Imz;
C |= P11(x, y, z)↔ Imx · Imy < Imz;
C |= P12(x, y, z)↔ Imx · Imy > Imz;

3. (The function space) C[0, 1] = 〈C[0, 1], P1, . . . , P10〉 where the predicates
P1, . . . , P10 have the following meanings for every f, g ∈ C[0, 1]:
The first group formalises relations between infimum and supremum of two
functions.

C[0, 1] |= P1(f, g)↔ sup f < sup g;
C[0, 1] |= P2(f, g)↔ sup f < inf g;
C[0, 1] |= P3(f, g)↔ sup f > inf g;
C[0, 1] |= P4(f, g)↔ inf f > inf g.

The second group formalises properties of operations on C[0, 1].

C[0, 1] |= P5(f, g, h)↔ f(x) + g(x) < h(x); for every x ∈ [0, 1];
C[0, 1] |= P6(f, g, h)↔ f(x) · g(x) < h(x) for every x ∈ [0, 1];
C[0, 1] |= P7(f, g, h)↔ f(x) + g(x) > h(x) for every x ∈ [0, 1];
C[0, 1] |= P8(f, g, h)↔ f(x) · g(x) > h(x) for every x ∈ [0, 1].

The third group formalises relations between functions f and the identity
function λx.x.

C[0, 1] |= P9(f) ↔ f > λx.x;
C[0, 1] |= P10(f)↔ f < λx.x.
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Proposition 1. 1. For the structure IR =
〈
IR,M∗E ,M∗H ,P

+
E ,P

+
H <

〉
the topol-

ogy τ IR
Σ coincides with the real line topology.

2. For the structure C = 〈C, , P1, . . . , P12〉 the topology τC
Σ coincides with the

plane topology.
3. For the structure C[0, 1] = (C[0, 1], P1, . . . , P10), the topology τ

C[0,1]
Σ coin-

cides with the topology τ|| || induced by the supremum norm.

Proof. The first two claims are trivial. Let us prove the last statement. ⊆). It
is easy to see that {x̄|HF(C[0, 1]) |= Pi(x̄)} ∈ τ|| || for every 1 ≤ i ≤ 10. Since(
C[0, 1], d|| ||

)m is a metric space, a projection of an open set is again open. So,
{x̄|HF(C[0, 1]) |= Q(x̄), Q is a ∃-formula} ∈ τ|| ||. By induction, τC[0,1]

Σ ⊆ τ|| ||.
⊇). First, recall that a base of the topology τ|| || is the following:

τ∗|| || = {{f | ||f − pi|| < ε}|p is a polynomial with rational coefficients, ε ∈ Q}.

Since the set {p| p is a polynomial with rational coefficients} is dense in C[0, 1],
it is sufficient to show that f > p and f < p are ∃-definable. This claim follows
from the following equivalences:

f > 0 ↔ f + f > f ;
f > 1 ↔ ∃g (f · g > g ∧ g > 0) ;
f < 0 ↔ f + f < f ;
f < 1 ↔ ∃g (f < 0 ∨ g > 0 ∧ f · g < g) ;
f > x2 ↔ ∃g (g > λx.x ∧ f > g · g) ;
f < x2 ↔ ∃g (g < λx.x ∧ f < g · g) ;
f > x

n ↔ ∃g (g > λx.x ∧ (f + · · ·+ f) > g) ;
f < x

n ↔ ∃g (g < λx.x ∧ (f + · · ·+ f) < g) ; . . .

So, the set {f | ||f − p|| < ε, p is a polynomial with rational coefficients, ε ∈ Q}
is ∃-definable for every considered p and ε. Therefore τCΣ ⊇ τ|| ||.

3.2 The General Case

Let M = (M,B, d) be a computable metric space. We define the corresponding
positive predicate structure M = (M,σP ) = (M,R0, S,D1, D2, D3), where the
predicates have the following meanings

D1(x, y, u, v) 
 d(x, y) < d(u, v),
D2(y, z, v) 
 d(y, z)− d(y, v) < 1,

D3(y, z, t, w, s) 
 2 (d(y, z)− d(y, v)) < d(t, w)− d(t, s),
Rn(x, y, z, v) 
 2d(x, bn) < d(y, z)− d(y, z) ∧ (∀i < n) 2d(x, bi) > d(y, z)− d(y, z),

S(x, y, z, v, a, b, c, d)↔
∨
n∈ω(Rn(x, y, z, v) ∧Rn+1(a, b, c, d)).

Theorem 3. Let Mn be a computable metric space andM be the corresponding
positive predicate structure defined above. Then the topology τMΣ coincides with
the topology τd induced by the metric in an effective way that means that the
lists of effectively open sets coincide and one can compute corresponding indices
from each other.
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Proof. ⊆). By definition the predicates S, D1, D2, D3, and R0 define sets which
are open in the product topology. Since M is a metric space, a projection of an
open set is again open. So, by induction, every ∃-definable subset of M belongs
to τd.
⊇). It is sufficient to show that the balls B(br, a), where br ∈ B and a ∈ Q+, are
uniformly Σ-definable.

First we show by induction on n, that Rn are uniformly Σ-definable.
n = 0. By the definition R0 ∈ σP .
n → n + 1. Since by definition Rn ∩ Rm = ∅ for n 6= m, we can Σ-define Rn+1

as follows.

Rn+1(a, b, c, d) 
 ∃x∃y∃z∃v (Rn(x, y, z, v) ∧ S(x, y, z, v, a, b, c, d)) .

The next step is to define predicates Ams with the following properties: for every
m ∈ ω and s ∈ ω, the set {x|HF(M) |= Ams (x)} is a subset of the ball B(bs, 1

2m ),
and for all x ∈M and m ∈ ω there exists s ∈ ω such that HF(M) |= Ams (x).

Put

A1
s(x) 
 ∃y∃z∃v(Rs(x, y, z, v) ∧ d(y, z)− d(y, v) < 1);

Am+1
s (x) 
 ∃y∃z∃v∃s1 . . . ∃sm∃w1 . . . ∃wm∃t1 . . . ∃tm(Rs(x, y, z, v)) ∧

2(d(y, z)− d(y, v)) < d(t1, w1)− d(t1, s1) ∧
d(tm, wm)− d(tm, sm) < 1 ∧∧
1≤i<m−1

2(d(ti, wi)− d(ti, si)) < d(ti+1, wi+1)− d(ti+1, si+1)).

By definition the first property holds. We prove the second one. Let x ∈ M
and m ∈ ω. We find the first s ∈ ω such that 2d(x, bs) < d(ym, zm) < 1

2m , where
ym, zm, vm are inductively constructed as follows.

0 < d(y0, z0)− d(y0, v0) < 1;

0 < d(y1, z1)− d(y1, v1) <
d(y0, z0)− d(y0, v0)

2
.

In order to avoid the case d(x, bi) = d(ym, zm) for i < s, we choose v ∈ B
such that for all i < s we have 2d(x, bi) > d(ym, zm)− d(ym, v) and 2d(x, bs) <
d(ym, zm)− d(ym, v). Then HF(M) |= Rs(x, ym, zm, v) and d(ym, zm) < 1

2m . So
x ∈ Ams . Now we are ready to prove that the balls B(br, a) are Σ-definable. For
this we show the following equivalence.

d(x, br) < a↔ HF(M) |= ∃s∃m
(
d(br, bs) < a− 1

2m
∧ x ∈ Ams

)
.

←). If x ∈ Ams then as we have shown above d(x, bs) < 1
m . So d(br, x) <

d(br, bs) + d(x, bs) < a.
→). Since a − d(x, br) > 0, we can find N ∈ ω such that a − d(x, br) > 1

2N .
We already proved that for x and N there exists s such that x ∈ AN+1

s . So
d(x, bs) < 1

2N+1 . Finally, d(br, bs) < d(br, x) + d(x, bs) < a− 1
2N+1 .
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Corollary 1. Every subset of a computable metric space is effectively open if
and only if it is Σ-definable.

Proof. The claim follows from Theorem 2 and Theorem 3.

Corollary 2. Every function over a computable metric space is computable if
and only if it is effectively continuous in τMΣ topology.

Proof. The claim follows from Theorem 3 and [14, 16].

Corollary 3. If M is a computable metric space then Th∃(M) is computably
enumerable.

Proof. The claim follows from Theorem 3 and [7].

Corollary 4. A total function F : M → IR is computable if and only if the
epigraph and the hypograph are Σ-definable.

Proof. The claim follows from Theorem 3 and [10, 7].

4 Conclusion

A finite language is preferable for many applications where effective represen-
tation of continuous data are required. The main challenge of this work is to
keep the language finite yet powerful to express computability. The obtained
results show that many effectively enumerable T2-spaces admit effective struc-
turisations.
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