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The border collision normal form is a continuous piecewise affine map of Rn with applications
in piecewise smooth bifurcation theory. We show that these maps have absolutely continuous
invariant measures for an open set of parameter space and hence that the attractors have Hausdorff (fractal) dimension n. If n = 2 the attractors have topological dimension two, i.e. they
contain open sets, and if n > 2 then they have topological dimension n generically.
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1. Introduction
Continuous, piecewise affine maps have been studied by a variety of different research communities. Gardini
and co-workers have studied them theoretically and numerically as canonical examples of endomorphisms of
the plane [Gardini, 1992; Mira, Gardini et al., 1996; Mira, Rauzy et al., 1996]. The Lozi map and extensions
are two dimensional maps for which it is possible to prove the existence of strange attractors with absolutely
continuous invariant measures on unstable manifolds, i.e. the attractors have a fractal structure with a nice
one-dimensional projection [Lozi, 1978; Misiurewicz, 1980; Young, 1985]. More recently, interest in digital
control methods and electronic circuits has led to their study as a normal form, called the border collision
normal form, for the situation that arises when a fixed point strikes the boundary between regions in which
different maps are applied with continuity across the boundary [Banerjee & Grebogi, 1999; Banerjee, Ranjan
& Grebogi, 2000; Banerjee, Yorke & Grebogi, 1998; di Bernardo et al., 2008; Nusse et al., 1994; Nusse &
Yorke, 1992; Simpson, 2010; Simpson & Meiss, 2010]. They also arise in economic models [Bischi et al.,
2000; Cánovas & Lineros, 2001] and a further, more abstract set of results has been developed in the general
study of piecewise affine maps allowing discontinuities [Buzzi, 1999, 2001; Buzzi & Keller, 2001; Ishii &
Sands, 2007; Tsujii, 2001].
Numerical simulations of the border collision normal form in dimension two suggest that for certain parameters attractors appear to be (topologically) two-dimensional regions in the plane, i.e. two-dimensional
regions on which the map is transitive and periodic orbits are dense. However, proofs of the existence of
these regions are either restricted to cases where the dynamics can be analyzed by related one-dimensional
maps [Bischi et al., 2000], or to a specially chosen countable set of parameters at which there is a finite
Markov partition with sufficient expansion in the map [Glendinning & Wong, 2011], see also [Dobrynskii,
1998; Dobrynskiy, 1999]. Glendinning and Jeffrey [2012] show that analogous attractors exist in the n1
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dimensional version of the border collision normal form due to di Bernardo [di Bernardo, 2003]. They use
this, and a connection established between the border collision normal form and return maps of grazingsliding bifurcations of flows, to argue that bifurcation theorems for piecewise smooth systems may be
necessarily more complicated than local bifurcation theorems for smooth systems since results are dependent on the dimension of the ambient phase space. The multi-dimensional results here add weight to this
argument for a curse of dimensionality in piecewise smooth bifurcation theory as we show that there are
open sets of parameters for the existence of attractors of the n-dimensional normal form that cannot arise
as attractors of the (n − 1)-dimensional normal form.
One of the main results of this paper is that attractors with topological dimension two exist for open
sets of parameters in the two dimensional normal form, and these results are extended to higher dimensions
where attractors with Hausdorff (or fractal) dimension n are shown to exist for open sets of parameters for
the border collision normal form in Rn and that generically these also have topological dimension n. To
do this we move from a topological description of chaos to an ergodic description using invariant measures
(i.e. a probabilistic interpretation of the chaotic dynamics). Invariant measures act rather like probability
distributions for the deterministic dynamics, so integration with respect to this measure is equivalent (for
‘most’ orbits) to taking time averages. In this way invariant measures provide a mathematical description of
the more stochastic features of deterministic chaos. The dimension of an invariant measure is the (fractal)
dimension of the smallest invariant set such that all sets outside the invariant set have measure zero, so
this is a natural attractor to consider under the measure. Intuitively, a measure µ is absolutely continuous
with respect to the standard Lebesgue meaure if there is an integrable function ϕ that is the equivalent of
a probability density function.
Provided some expansion properties hold, results of Tsujii [2001] and Buzzi [1999, 2001] can be used to
establish the existence of an invariant measure which is absolutely continuous with respect to the standard
Lebesgue measure on Rn , which implies the attractor (or possibly attractors) has Hausdorff dimension
n, and a further result of Buzzi shows that the attractor has non-empty interior and hence topological
dimension n always if n = 2 and generically if n > 2 [Buzzi, 2001].
In terms of coordinates z = (x1 , . . . , xn )T in Rn a border-collision map is
{
A0 zk + m if x1 ≤ 0
zn+1 = F (zn ) =
(1)
A1 zk + m if x1 ≥ 0
where A0 and A1 are constant matrices, m is a constant vector, and the system is continuous across the
surface x1 = 0. For generic choices of A0 and A1 an affine change of coordinates can be used to transform
the matrices into observer canonical form [di Bernardo, 2003; di Bernardo et al., 2011; Nusse & Yorke,
1992] and the vector m to a vector that is zero apart from the first coordinate. In two dimensions this
means we can (generically) take
(
)
( )
Tα 1
µ
, m=
(2)
Aα =
−Dα 0
0
for α = 0, 1. The constants Tα and Dα have natural interpretations as the trace and determinant of the
matrices, and by a change of scale only the sign of µ matters if µ ̸= 0. Moreover, by exchanging the roles
of the left and right variables, µ = −1 can be transformed to µ = 1, so we can work with µ = 1 in our
examples. In higher dimensions [di Bernardo, 2003; di Bernardo et al., 2011] the observer canonical form
is given by (21) and m = (µ, 0, . . . , 0)T . With these choices (1) is called the border collision normal form.
The theoretical results we use depend on each of the maps (subscripts 0 and 1) being expanding, i.e.
∥F (x) − F (y)∥ > k∥x − y∥ for some k > 1 for all x and y in x1 ≥ 0 and for all x and y in x1 ≤ 0. We will
refer to these as piecewise expanding maps, or piecewise linear expanding maps if the maps are all linear
or affine. For affine maps with linear part A a map is expanding in the standard Euclidean metric if the
eigenvalues of the symmetric matrix AT A lie outside the unit circle. Unfortunately this is not the case
for the maps considered here since the condition is equivalent to Tα2 < 0. However, by using an equivalent
metric (used in [Glendinning, 2014] for the contracting case and [Barnsley et al., 1989] for Iterated Function
Systems) we are able to find a metric in which the affine maps can be expanding, and hence the results of
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Tsujii [2001] and Buzzi [2001] can be used to establish the existence of an absolutely continuous invariant
measure and, generically, an attractor with non-empty interior.
Theorem 1. Consider the border collision normal form in Rn (n = 2, 3, . . . ) with µ = 1. Then there

exists an open region of parameter space Bn bounded by a finite set of closed curve segments such that
for each parameter in Bn the border collision normal form has at least one attractor with an invariant
measure absolutely continuous with respect to n-dimensional Lebesgue measure. If n = 2 then this attractor
has topological dimension equal to two (i.e. non-empty interior), whilst if n > 2 then it has Hausdorff
dimension equal to n and generically has topological dimension equal to n.
Explicit regions of parameter space are identified in the proof. The new results of this paper are that
the theorems of Tsujii and Buzzi can be applied to the border collision normal form in arbitrary dimension
using the equivalent metric of section two and its generalization defined in section five. This is important
as it provides more information about the structure of attractors in these systems that are important for
applications, but there is no claim that this improves or augments the understanding of abstract piecewise
affine systems.
The remainder of this paper is organized as follows. In section two we describe the equivalent metric
in R2 and give conditions which imply that the border collision normal form is piecewise expanding in
this metric. In section three we recall the results of Tsujii [2001] and Buzzi [1999,2001]. These results
make it possible to show that if the border collision normal form has an invariant polyhedral region and
the conditions of section two hold then the border collision normal form has an absolutely continuous
invariant measure. In section four we show that these conditions are satisfied on an open set of parameters,
completing the proof of the stated theorem in two dimensions. In section five we show that the existence
of an absolutely contiuous invariant measure for open sets of parameters can be proved for the border
collision normal form in Rn , n > 2, and that generically the topological demension is also n.

2. Expansion and Equivalent metrics
We say that a differentiable map f is expanding on U ⊂ Rn in the metric ∥.∥ iff
∥Df (x)v∥
=λ>1
∥v∥

(3)

for all x ∈ U and v ∈ Rn (or more accurately the tangent space at x). For the remainder of this section we
work in the plane, n = 2.
As noted earlier, neither of the maps defining the border collision normal form is expanding in the
Euclidean metric, but there is an equivalent metric for which the piecewise affine maps may be expanding.
Recall that a metric d is equivalent to the Euclidean metric ∥.∥2 on R2 iff there exists strictly positive
constants c1 < c2 such that
c1 ∥x − y∥2 ≤ d(x, y) ≤ c2 ∥x − y∥2

(4)

R2 .

for all x, y ∈
In the border collision normal form (1) the derivative (or Jacobian) of the map takes the form
(
)
t 1
DF (x) = J =
−d 0
and if |.| is the standard one-dimensional Euclidean distance, and α > 0 then in the metric dα defined by
dα (x, y) = α|x1 − y1 | + |x2 − y2 |

(5)

dα (Jx, Jy) = α|tx1 + x2 − (ty1 + y2 )| + |dx1 − dy1 |.

(6)

the distance between images is
We will establish conditions on α, t and d under which this is an expanding map using the simple inequality
|a + b| ≥ |a| − |b|, so (6) becomes
dα (Jx, Jy) = |t(x1 − y1 ) + (x2 − y2 )| ≥ |x2 − y2 | − |t||x1 − y1 |
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and hence
dα (Jx, Jy) ≥ α(|x
( 2 − y2 | − |t||x1 − y1 |) + |dx1 − dy
) 1|
≥ α (α−1 |d| − |t|)|x1 − y1 | + |x2 − y2 | .

(7)

(α−1 |d| − |t|) ≥ α

(8)

dα (Jx, Jy) ≥ α (α|x1 − y1 | + |x2 − y2 |) = αdα (x, y).

(9)

Thus

implies that

and so if (8) holds for some α > 1 then the map is expanding. Inequality (8), with α > 0 is equivalent to
α2 + |t|α − |d| < 0

(10)

|d| > 1 + |t|.

(11)

and this has solutions in α > 1 if

Thus if
|D1 | > 1 + |T1 |

and |D0 | > 1 + |T0 |

(12)

then there exists α > 1 such that both affine maps of the border collision normal form are expansions in
the metric dα .
Note that it is a simple exercise to show that
√
(13)
∥x − y∥2 ≤ dα (x, y) ≤ 1 + α2 ∥x − y∥2
and so if dα (Jx, Jy) ≥ αdα (x, y) for some α > 1 then dα (J k x, J k y) ≥ αk dα (x, y) and so
αk
∥J k x − J k y∥2 ≥ √
∥x − y∥2
1 + α2
√
and so there exists N such that αk / 1 + α2 > 1 for k ≥ N , the k th iterates of the affine maps of the border
collision normal form are expanding in the Euclidean metric for all k ≥ N , and indeed, the same argument
shows that if (12) holds then any k products of the different Jacobians (k ≥ N ) is also expanding in the
Euclidean metric.

3. Absolutely continuous invariant measures
Invariant measures provide a way of describing the distribution of points under iteration over time. An
invariant measure µ of a map F has the property that µ(S) = µ(F −1 (S)) for any measureable set S,
and time averages converge to spatial averages for µ-a.e. point x. If m is the standard Lebesgue measure
on Rn and m(S) = 0 implies that µ(S) = 0 for all measureable sets S then µ is absolutely continuous
with respect to Lebesgue measure (often contracted to absolutely continuous). Note that not all sets of
positive Lebesgue measure in Rn have topological dimension n (think of fat fractals) so the existence of
and absolutely continuous invariant measure does not imply that the support of the measure (i.e. the
geometric attractor) contains open sets and hence has topological dimension n, although it does imply
that the Hausdorff or fractal dimension is n.
This last claim follows from the observation that if the Hausdorff dimension of the attractor S is
strictly less than n then m(S) = 0 and so the absolute continuity of µ implies that µ(S) = 0 also. But
if S is the attractor with corresponding invariant measure µ then µ(S) = 1, a contradiction. Hence the
Hausdorff dimension of S is n. Although this means that the Hausdorff dimension is as large as it can be
(since we are working in Rn ) this does not imply that S is large from the point of view of Lebsgue measure
– indeed, S may have zero Lebesgue measure, as examples such as those in [Cabrelli et al., 2002] show.
A series of results on the existence of absolutely continuous invariant measures were proved around the
turn of the century for different classes of piecewise expanding maps [Buzzi, 1999, 2001; Buzzi & Keller,
2001; Saussol, 2000; Tsujii, 2001]. Since the border collision normal form is not piecewise expanding in
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the Euclidean metric, these results were not applied in this context, however the equivalent metric of the
previous section now makes it possible to use some of these results in the context of the border collision
normal form. Here we follow [Buzzi, 1999, 2001; Tsujii, 2001] as they seem most appropriate to our context.
A polyhedron is a region defined by the intersection of a finite set of closed half-planes. Tsujii [2001]
uses the following formal setting for a set {Ti } of affine maps defined on polyhedra Pi , i = 1, . . . , M . Let
U ⊂ Rn be a polyhedron and Pi , i = 1, . . . , M a set of polyhedra with disjoint interiors whose union is
U and for each Pi let Ti : Pi → U be an affine injection into U . The collection {Ti }M
i=1 is a piecewise
expanding linear map if there is a metric in which each of the affine maps Ti is expanding.
Theorem 2. [Tsujii, 2001; Buzzi, 2001] Every piecewise expanding linear map on a polyhedral domain

admits an invariant measure which is absolutely continuous with respect to Lebesgue measure.
In fact [Tsujii, 2001], there are only finitely many such measures and all points in U are in the basins
of attraction of one of these measures. We will refer to Theorem 2 as Tsujii’s Theorem in the remainder of
this paper.
Corollary 1. If there exists an invariant polyhedral region U for the n-dimensional border collision normal

form and the inequalities (12) hold, then the border collision normal form has an attractor with an absolutely
continuous invariant measure.
As remarked above, this is not enough to prove the existence of attractors with topological dimension
equal to n. For this we require an alternative version of Theorem 2 due to Buzzi [1999, 2001]. The space of
affine maps forms a vector space in the obvious way (using the matrices and the constants of two maps),
and hence the set of border collision normal forms is a vector space (on the cross product of affine maps). If
the affine pair is continuous on x1 = 0, as is the case here, then the sum of two such maps is also continuous
so the continuous pairs of affine maps form a vector space too. This means that notions of open and closed
sets and hence Baire category can be applied to the border collision normal form, and a statement is true
for almost all border collision normal forms if it holds on a residual set which is also positive Lebesgue
measure in the vector space (see Buzzi [1999] for details). With these notions Buzzi [2001] proves results
about the existence of absolutely continuous invariant measures for piecewise expanding linear maps similar
to Tsujii’s Theorem, but also gives extra information about the topological structure.
Theorem 3. [Buzzi, 2001] Every piecewise expanding linear map on a bounded polyhedral domain in R2

admits an invariant measure which is absolutely continuous with respect to Lebesgue measure and whose
support contains open sets. Almost every expanding piecewise linear map on a bounded polyhedral domain
in Rn , n > 2 admits an invariant measure which is absolutely continuous with respect to Lebesgue measure
and whose support contains open sets.
Corollary 2. If there exists a region of parameter space B2 such that for all parameters in B2 the twodimensional border collision normal form has an invariant polyhedral region U and the inequalities (12)
hold, then for all parameters in B2 the border collision normal form has an attractor with an absolutely
continuous invariant measure and topological dimension equal to two.

4. Back to the border collision normal form: n = 2
To apply the corollaries of the previous section it remains to show that there exists a compact invariant
polyhedron for the border collision normal form with parameters constrained by (12). In two dimensions we
will show that such a region exists by the simple rectangular construction shown in Figure 1: by choosing
the corners appropriately it will be possible to obtain a set of inequalities defining an open region in the
four dimensional parameter space such that this rectangle is invariant. Recall that we are working with
(1), (2) and µ = 1.
Throughout this section we assume
D0 < 0, D1 > 0, T0 < 0, T1 > 0,
|D0 | > 1 + |T0 |, |D1 | > 1 + T1

(14)
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x2
O

Z

W
x1

Y

Fig. 1.

V

X

Schematic diagram of the construction of the invariant region. W and X are on the line x1 =

Y lie on the line x2 =

|D0 |
− |D |−1
0

|D0 |
,
D1 (|D0 |−1)

X, V and

− |D 1|−1 .
0

and Y and Z on x1 =

and
D1 + |D0 | − D1 |D0 | > 0.

(15)

The invariant region we construct (with no claim for optimality) is based on the points
(
)
(
)
|D0 |
|D0 |
|D0 |
W =
,0 , X =
,−
D1 (|D0 | − 1)
D1 (|D0 | − 1) (|D0 | − 1)
(
)
(
)
1
|D0 |
1
Y = −
,−
, Z= −
,0
|D0 | − 1 |D0 | − 1
|D0 | − 1
and the two intermediate points
O = (0, 0).

(
)
|D0 |
V = 0, −
.
|D0 | − 1

The rectangle W XY Z is divided into two rectangles by the switching surface x = 0, OW XV and OV Y Z.
These latter rectangles will play the role of the polyhedra Pi in Tsujii’s Theorem (Theorem 2 above) and
the larger rectangle that of U . Note that since the two maps forming the border collision normal form are
affine, if the images of the corners of the rectangles are mapped into the larger rectangle, then the larger
rectangle is invariant (Ti (Pi ) ⊆ U ).
|D0 |
Now, F (O) = (1, 0), and so, since (15) implies that D1 (|D
> 1, F (0) is in OW XV . Similarly
0 |−1)
(
)
T1 |D0 |
|D0 |
F (W ) = 1 +
,−
D1 (|D0 | − 1) |D0 | − 1
and so this is also in OW XV provided
1+

T1 |D0 |
|D0 |
<
D1 (|D0 | − 1)
D1 (|D0 | − 1)

(16)

or
T1 <

D1 + |D0 | − D1 |D0 |
|D0 |

since this implies it lies on the line segment between X and V .
0|
Next, F (X) lies on the line Y X, i.e. x2 = − |D|D0 |−1
, with x1 -coordinate
1+

T1 |D0 |
|D0 |
1
T1 |D0 |
−
=−
+
.
D1 (|D0 | − 1) |D0 | − 1
|D0 | − 1 D1 (|D0 | − 1)

(17)
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The first of these expressions shows that it lies to the left of F (W ) and the second that it is to the right of
Y , so there are no new constraints from this point. Finally, for the right hand rectangle OW XV , F (V ) = Z.
so there is no new constraint required here either.
The points O and V already have already been dealt with, so there remain only the two points Y and
Z from the left hand region OV Y Z. The second coordinates of F (Y ) and F (Z) show that they are both
on the horizontal line Y X; F (Y ) has x1 -coordinate
1−

T0
|D0 |
1
T0
−
=−
−
|D0 | − 1 |D0 | − 1
|D0 | − 1 |D0 | − 1

the second of which explains the choice T0 < 0, and the x1 -coordinate of F (Z) is
1−

T0
.
|D0 | − 1

Thus F (Z) is to the right of F (Y ) and both lie on the line between Y and X if T0 < 0 (which is true by
assumption) and
1−

T0
|D0 |
<
.
|D0 | − 1
D1 (|D0 | − 1)

With a little rearranging this becomes
D1 + |D0 | − D1 |D0 |
.
D1
With these calculations complete, we can state the main result of this section.
0 < −T0 <

(18)

Theorem 4. Consider the border collision normal form with µ = 1 and suppose (D0 , D1 , T0 , T1 ) are chosen

in the region B2 defined by
D0 < −1,

1 < D1 ,

D1 + |D0 | − D1 |D0 | > 0

(19)

and
0 < T1 <

D1 + |D0 | − D1 |D0 |
,
|D0 |

0 < −T0 <

D1 + |D0 | − D1 |D0 |
.
D1

(20)

Then the border collision normal form has an attractor with an invariant measure absolutely continuous
with respect to the two dimensional Lebesgue measure, and with non-empty interior.
Proof. Note that the third inequality of (19) is equivalent to D1 < |D0 |/(|D0 | − 1), the right hand side of
which is greater than one and so B2 is non-empty and open.
Consider the rectangle W XY Z defined at the beginning of this section. Gathering together the different
inequalities above the statement of the theorem, this is invariant provided (14), (15), (17) and (18) hold,
and by Corollary 2 of the previous section such an invariant region contains an attractor with non-empty
interior and an absolutely continuous invariant measure if the inequalities (12) hold.
Now, inequalities (12) hold if (14) hold, which are clearly implied by (19) and (20), whilst (15) is
implied by (19). Finally, (20) is essentially a restatement of (17) and (18) so these also hold and the result
is proved. 

The region B2 is thus a region of parameter space on which Theorem 1 of the introduction holds with
n = 2.

5. Higher dimensions
Tsujii’s Theorem (Theorem 2) holds in arbitrary dimension, Rn . The n-dimensional border collision normal
form was derived by di Bernardo [di Bernardo, 2003] and it is known that there are parameters for which
the attractor has topological dimension n [Glendinning & Jeffrey, 2012]. Here we extend this result to
an open set of parameter values in the case of Hausdorff deimension n, and show that Buzzi’s Theorem
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(Thereom 3, [Buzzi, 2001]) holds. In n-dimensions then for typical continuous piecewise affine maps (1)
the matrices Aj , j = 0, 1, of (1) can be chosen in observer canonical form [di Bernardo, 2003; di Bernardo
et al., 2011]


a1,j 1 0 . . . 0
 a2,j 0 1 . . . 0


 ..
.. .. . . .. 
(21)
 .
. . . .


an−1,j 0 0 . . . 1
an,j 0 0 . . . 0
for constants ar,j , and the constant vector is (µ, 0, 0, . . . , 0)T . As before we may take µ = 1 provided µ is
non-zero. The natural generalization of the metric dα on R2 defined in section 2 to Rn is
n
∑
dα,n (x, y) =
αn−s |xs − ys |, α > 0
s=1

(more subtle choices with different weights on different coordinates may optimize results). Then if J is one
of the matrices defined by (21) and δs = xs − ys then
(n−1
)
∑
n−s
dα,n (Jx, Jy) =
α |δs+1 + as,j δs | + |an,j ||δ1 |.
s=1

By exactly the same argument as in section two,
)
(∑
n−1 n−s
(|δs+1 | − |as,j ||δ1 |) + |an,j ||δ1 |
dα,n (Jx, Jy) ≥
s=1 α
(
)
∑
∑n n−s
n−s−1 |a | |δ | + α
≥ α α−1 |an,j | − n−1
α
|δs |.
s,j
1
1
2 α
Hence dα,n (Jx, Jy) ≥ αdα,n (x, y) with α > 1, i.e. the n-dimensional map is expanding, if there exists α > 1
such that
n−1
∑
n−1
−1
α
< α |an,j | −
αn−s−1 |as,j |
1

i.e. if
n

α +

(n−1
∑

)
|as,j |α

n−s

− |an,j | < 0.

(22)

s=1

Such α exist provided the left hand side of (22) is negative at α = 1, so the map is piecewise expanding if
|an,j | > 1 +

n−1
∑

|as,j |,

j = 0, 1.

(23)

s=1

Tsujii’s Theorem therefore implies the following n-dimensional result.
Theorem 5. Consider the border collision normal form in Rn , n > 2, with µ = 1. If there is an open

region of parameter space Bn such that for all parameters in Bn the n-dimensional border collision normal
form has an invariant polyhedron and (23) holds then the invariant polyhedron contains an attractor with
an invariant measure absolutely continuous with respect to (the n-dimensional) Lebesgue measure and with
Hausdorff dimension equal to n.
For this result to have content it remains to prove that there exist parameters which satisfy the conditions of the theorem, and in particular the existence of an invariant polyhedron for parameters satisfying
(23).
The construction is very similar to the construction in the two-dimensional case described in section
three. First, some notation and initial assumptions. Let
−D0 = an,0 > 0,

D1 = −an,1 > 0

(24)
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and assume
ar,0 < 0

and

ar,1 > 0,

r = 1, . . . , n − 1.

(25)

Define
br,0 = −D1 ar,0 /|D0 |,

r = 1, . . . , n − 1

(26)

and the partial sums
S(p, 0) = −

n−1
∑

bi,0 ,

S(p, 1) =

i=p

n−1
∑

ai,1

i=p

so S(p, j) > 0, j = 0, 1, and let
M (p) =

n−1
∑

max{bi,0 , ai,1 }.

(27)

i=p

for p = 1, . . . , n − 1. The definition of the coefficients br,0 introduces an asymmetry between the treatment
of the cases j = 0 and j = 1 which could be avoided, but it makes some of the calculations in the proof of
the theorem below rather simpler.
Theorem 6. Consider the n-dimensional border collision normal form F with µ = 1 and n > 2. Let Bn
be the region of parameter space on which the coefficients of the border collision normal form satisfy (24)
and (25) together with |D0 | > 1 + D1 S(1, 0)/|D0 |, D1 > 1 + S(1, 1), and

M (1) <

D1 + |D0 | − D1 |D0 |
.
|D0 |

Then F is piecewise expanding and there is an invariant polyhedron.
Hence the conditions of Theorems 5 holds with n > 2.
Let F denote the n-dimensional border collision normal form. F is piecewise expanding in the
metric dα,n for some α > 1 since the two inequalities for |D0 | and D1 in the statement of the theorem are
equivalent to (23).
Consider the rectangle defined by the following inequalities:
Proof.

−

1
|D0 |
≤ x1 ≤
|D0 | − 1
D1 (|D0 | − 1)

(28)

−

|D0 |
M (r)|D0 |
≤ xr ≤
|D0 | − 1
D1 (|D0 | − 1)

(29)

|D0 |
≤ xn ≤ 0.
|D0 | − 1

(30)

r = 2, . . . n − 1, and
−

This rectangle, which we denote by U , can be divided into two closed rectangles P0 in x1 ≤ 0 and P1 in
x ≥ 0, intersecting on the hyperplane x1 = 0. We will show that F (Pi ) ⊆ U , i = 0, 1.
|D0 |
Consider x ∈ P1 with x1 ≥ 0, so 0 ≤ x1 ≤ D1 (|D
. Then the xn -coordinate, x′n , of F (x) is −D1 x1 ,
0 |−1)
so
|D0 |
≤ x′n ≤ 0
−
|D0 | − 1
as required, cf. (30). Similarly, the xn−1 -coordinate, x′n−1 , of F (x) is an−1,1 x1 + xn and since an−1,1 =
|D0 |
0|
S(n − 1, 1), 0 ≤ x1 ≤ D1 (|D
and − |D|D0 |−1
≤ xn ≤ 0, this implies
0 |−1)
−

|D0 |
|D0 |
≤ x′n−1 ≤ S(n − 1, 1)
|D0 | − 1
D1 (|D0 | − 1)
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and so the xn−1 -coordinate of the image also lies in the range specified by U , cf. (29).
In general, if r = 2, 3, . . . , n − 1, then
−

|D0 |
|D0 |
≤ x′r ≤ (M (r + 1) + ar,1 )
|D0 | − 1
D1 (|D0 | − 1)

and so, since M (r) ≥ M (r + 1) + ar,1 this satisfies the constraints defining U .
Finally the x1 -coordinate, x′1 , of F (x) is a1,1 x1 + x2 + 1 which is S(1, 1)x1 + x2 + 1 and so
−

|D0 |
1
|D0 |
+1=−
≤ x′1 ≤ 1 + M (1)
|D0 | − 1
|D0 | − 1
D1 (|D0 | − 1)

|D0 |
and so this also is in the range of values defining U provided 1 + M (1) D1 (|D
< |D0 |/(D1 (|D0 | − 1)),
0 |−1)
i.e.
D1 + |D0 | − D1 |D0 |
M (1) <
,
(31)
|D0 |

an inequality which holds due to the constraint on M (1) in the statement of the theorem.
The proof that F (P0 ) ⊆ U is almost precisely the same. First consider xn . The new coordinate has
x′n = |D0 |x1 and since −1/(|D0 | − 1) ≤ x1 | ≤ 0 in P0 , −|D0 |/(|D0 | − 1) ≤ x′n ≤ 0 as required.
Now if r ∈ {2, . . . , n − 1}, x′r = ar,0 a1 + xr+1 = −|D0 |br,0 x1 /D1 + xr+1 . The maximum this can be is
obtained by choosing the most negative value of x1 the maximum of xr+1 , which gives
|D0 |br,0
M (r + 1)|D0 |
|D0 |
+
≤ M (r)
D1 (|D0 | − 1)
D1 (|D0 | − 1)
D1 (|D0 | − 1)
as required, and the minimum is just the minimum of xr+1 , i.e −|D0 |/(D1 (|D0 | − 1)) as required. Finally
note that the smallest x′1 can be is the smallest value of x2 + 1 as in the case of P1 , whilst the largest is
|D0 |
less than or equal to 1 + M (1) D1 (|D
which leads to the same condition (31) as before. 
0 |−1)
To complete the proof of Theorem 1 we need to show that the generic result of Buzzi [2001] (Theorem 3)
is also generic for maps in observer canonical form (21) in Bn .
Buzzi’s results hold in the space of piecewise affine maps with switching surface x1 = 0. These are
parametrized by the three quantities (A0 , A1 , m) of (1). There is a simple equivalence class that can be
defined on this space, where two triples (A0 , A1 , m) and (A′0 , A′1 , m′ ) are equivalent iff there exists a constant
n × n invertible matrix U whose first row is (1 0 0 . . . 0) and a constant vector c with first component
equal to zero such that
A′0 = U A0 U −1 ,

A′1 = U A1 U −1 ,

m′ = U m0 + c − U A0 U −1 c.

This is equivalent to saying that the two systems are equivalent under the change of coordinate y = U x + c
with x1 = 0 being equivalent to y1 = 0; the form of m′ looks dependent on A0 , but is equal to the equivalent
expression with A0 replaced by A1 using the continuity condition across x1 = 0.
If two piecewise affine maps are equivalent under this equivalence relation then the following properties
are common to both or to neither as they are preserved by affine changes of coordinates: they have
an invariant polyhedral domain; they are piecewise expanding; they have an attractor with topological
dimension n, i.e. an attractor that contains open sets.
Buzzi’s Theorem (Theorem 3) holds for maps which are general continuous piecewise affine maps with
switching surface x1 = 0; we will say such maps are in N0 . To show the results hold in the space N2 of
border collision normal forms we will also have to consider the set of maps N1 ⊂ N0 which are in the same
equivalence class as a map in N2 .
Now, a property that is generic in N0 is generic in N1 since by [di Bernardo, 2003; di Bernardo et
al., 2011] the set of piecewise affine maps that cannot be brought into this form is determined by the
vanishing of the determinants of two matrices each of which can be written as a polynomial condition on
the parameters and hence has zero measure [Buzzi, 1999] (or full measure, but this is clearly not the case).
Hence the property of having an attractor containing open sets is generic in N1 and hence in N2 . This
completes the proof of Theorem 1.
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6. Conclusion
In this paper we have shown that there are open sets of parameter values for which the n-dimensional
border collision normal form has an attractor with fractal dimension equal to n and, if n = 2, topological
dimension also equal to two. Moreover, if n > 2 then these attractors have topological dimension equal to
n for generic maps. This result relies on the use of an equivalent metric in which each map defining the
border collision normal form is expanding (as they are not expanding in the standard Euclidean metric).
The equivalent metric used is essentially that introduced in [Glendinning, 2014] to deal with a similar issue
in the contracting case. The results also lend weight to the argument of Glendinning and Jeffrey [2012]
that there is a curse of dimensionality in the study of piecewise smooth bifurcation theory. The results
presented here show that there are open sets of parameter values for which the n-dimensional border
collision normal form has an attractor that cannot exist in the (n − 1)-dimensional normal form. This
suggests that bifurcation theorems in the piecewise smooth case depend on the dimension of the phase
space. This is in marked contrast with the smooth case, where results such as the centre manifold theorem
show that the dimension of the phase space contributes only extra hyperbolic directions in codimension
one local bifurcations.
The border collision normal form studied here is derived via a Taylor expansion argument, and in
applications the true model is a perturbation of the affine maps, in which the nonlinear terms have been
re-introduced. Although there are results for piecewise smooth maps in the literature (e.g. [Buzzi, 2000;
Tsujii, 2000]) they require greater smoothness than is appropriate in the context of piecewise smooth
3
bifurcations (for example in the grazing-sliding bifurcation the correction terms are order |x| 2 [di Bernardo
et al., 2001, 2008; Glendinning & Jeffrey, 2012]). This remains an important outstanding issue.
The parameter regions defined in the proofs of the theorems were chosen for ease of calculation rather
than completeness. A fuller description of those parameters which have attractors of different topological
dimensions would be worthwhile, It is also worth noting that Tsujii’s Theorem does not apply directly to
the parameters used in [Glendinning & Wong, 2011], where the proof is driven by the existence of a finite
Markov partition. It seems likely that in this and other examples Tsujii’s Theorem will apply to an iterate
of the map, i.e. the map is not piecewise expanding, but some higher iterate is. In this case the conclusion
of Tsujii’s Theorem still holds, but more effort is required to prove that the map is eventually piecewise
expanding.
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