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Abstract. Various applications give rise to eigenvalue problems for which the matrices are
Hamiltonian or skew-Hamiltonian and also symmetric or skew-symmetric. We define structured
backward errors that are useful for testing the stability of numerical methods for the solution of these
four classes of structured eigenproblems. We introduce the symplectic quasi-QR factorization and
show that for three of the classes it enables the structured backward error to be efficiently computed.
We also give a detailed rounding error analysis of some recently developed Jacobi-like algorithms of
Faßbender, Mackey, and Mackey [Linear Algebra Appl., to appear] for these eigenproblems. Based
on the direct solution of 4×4, and in one case 8×8, structured subproblems these algorithms produce
a complete basis of symplectic orthogonal eigenvectors for the two symmetric cases and a symplectic
orthogonal basis for all the real invariant subspaces for the two skew-symmetric cases. We prove that,
when the rotations are implemented using suitable formulae, the algorithms are strongly backward
stable and we show that the QR algorithm does not have this desirable property.
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1. Introduction. This work concerns real structured Hamiltonian and skew-
Hamiltonian eigenvalue problems where the matrices are either symmetric or skew-
symmetric. We are interested in algorithms that are strongly backward stable for these
problems. In general, a numerical algorithm is called backward stable if the computed
solution is the true solution for slightly perturbed initial data. If, in addition, this
perturbed initial problem has the same structure as the given problem, then the
algorithm is said to be strongly backward stable.

There are three reasons for our interest in strongly backward stable algorithms.
First, such algorithms preserve the algebraic structure of the problem and hence
force the eigenvalues to lie in a certain region of the complex plane or to occur in
particular kinds of pairings. Because of rounding errors, algorithms that do not
respect the structure of the problem can cause eigenvalues to leave the required region
[26]. Second, by taking advantage of the structure, storage and computation can be
lowered. Finally, structure-preserving algorithms may compute eigenpairs that are
more accurate than the ones provided by a general algorithm.

Structured Hamiltonian eigenvalue problems appear in many scientific and engi-
neering applications. For instance, symmetric skew-Hamiltonian eigenproblems arise
in quantum mechanical problems with time reversal symmetry [9], [23]. In response
theory, the study of closed shell Hartree–Fock wave functions yields a linear response
eigenvalue equation with a symmetric Hamiltonian [21]. Also, total least squares
problems with symmetric constraints lead to the solution of a symmetric Hamiltonian
problem [17].
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The motivation for this work comes from recently developed Jacobi algorithms for
structured Hamiltonian eigenproblems [10]. These algorithms are structure-preserving,
inherently parallelizable, and hence attractive for solving large-scale eigenvalue prob-
lems. Our first contribution is to define and show how to compute structured backward
errors for structured Hamiltonian eigenproblems. These backward errors are useful
for testing the stability of numerical algorithms. Our second contribution concerns
the stability of these new Jacobi-like algorithms. We give a unified description of
the algorithms for the four classes of structured Hamiltonian eigenproblems. This
provides a framework for a detailed rounding error analysis and enables us to show
that the algorithms are strongly backward stable when the rotations are implemented
using suitable formulae.

The organization of the paper is as follows. In section 2 we recap the necessary
background concerning structured Hamiltonians. In section 3 we derive computable
structured backward errors for structured Hamiltonian eigenproblems. In section 4,
we describe the structure-preserving QR-like algorithms proposed in [5] for structured
Hamiltonian eigenproblems. We give a unified description of the new Jacobi-like
algorithms and detail the Jacobi-like update for each of the four classes of structured
Hamiltonian. In section 5 we give the rounding error analysis and in section 6 we
use our computable backward errors to confirm empirically the strong stability of the
Jacobi algorithms.

2. Preliminaries. A matrix P ∈ R
2n×2n is symplectic if PTJP = J , where

J = [ 0
−In

In
0 ] and In is the n× n identity matrix.

A matrix H ∈ R
2n×2n is Hamiltonian if JH = (JH)T is symmetric. Hamiltonian

matrices have the form

H =

[
E F
G −ET

]
,

where E,F,G ∈ R
n×n and FT = F, GT = G. We denote the set of real Hamiltonian

matrices by H2n.
A matrix S ∈ R

2n×2n is skew-Hamiltonian if JS = −(JS)T is skew-symmetric.
Skew-Hamiltonian matrices have the form

S =

[
E F
G ET

]
,

where E,F,G ∈ R
n×n and FT = −F, G = −GT are skew-symmetric. We denote the

set of real skew-Hamiltonian matrices by SH2n.
Note that if H ∈ H2n, then P−1HP ∈ H2n and if S ∈ SH2n, then P−1SP ∈

SH2n, where P is an arbitrary symplectic matrix. Thus symplectic similarities
preserve Hamiltonian and skew-Hamiltonian structure. Also, symmetric and skew-
symmetric structures are preserved by orthogonal similarity transformations. There-
fore structure-preserving algorithms for symmetric or skew-symmetric Hamiltonian
or skew-Hamiltonian eigenproblems have to use real symplectic orthogonal trans-
formations, that is, matrices U ∈ R

2n×2n satisfying UTJU = J, UTU = I. As
in [10], we denote by SpO(2n) the group of real symplectic orthogonal matrices.
Any U ∈ SpO(2n) can be written as U = [U1

U2

−U2

U1
], where UT

1 U1 + UT
2 U2 = I and

UT
1 U2 = UT

2 U1.
In Tables 2.1 and 2.2, we summarize the structure of Hamiltonian and skew-

Hamiltonian matrices that are either symmetric or skew-symmetric, their eigenvalue



STABILITY OF STRUCTURED HAMILTONIAN EIGENSOLVERS 105

Table 2.1
Properties of structured Hamiltonian matrices H ∈ H2n.

JH = (JH)T Structure Eigenvalues Canonical form

Symmetric
H = HT

[
E F
F −E

]
,

E = ET

F = FT
real,
pairs λ,−λ

[
D 0
0 −D

]
Skew-symmetric

H = −HT

[
E F
−F E

]
,

E = −ET

F = FT
pure imaginary,
pairs λ, λ̄

[
0 −D
D 0

]

Table 2.2
Properties of structured skew-Hamiltonian matrices S ∈ SH2n.

JS = −(JS)T Structure Eigenvalues Canonical form

Symmetric
S = ST

[
E F
−F E

]
,

E = ET

F = −FT
real,
double

[
D 0
0 D

]
Skew-symmetric

S = −ST

[
E F
F −E

]
,

E = −ET

F = −FT
pure imaginary,
double, pairs λ, λ̄

[
B 0
0 −B

]

properties, and their symplectic orthogonal canonical form. We use D ∈ R
n×n to

denote a diagonal matrix and B ∈ R
n×n to denote a block-diagonal matrix that is the

direct sum of 1 × 1 zero blocks and 2 × 2 blocks of the form [ 0
−b

b
0 ]. These canonical

forms are consequences of results in [19].
Next, we show that the eigenvectors of skew-symmetric Hamiltonian matrices can

be chosen to have structure. This property is important when defining and deriving
structured backward errors.

Lemma 2.1. The eigenvectors of a skew-symmetric Hamiltonian matrix H can
be chosen to have the form [ z

±iz ] with z ∈ C
n.

Proof. Let [ 0
D

−D
0 ] = UTHU be the canonical form of H with U = [U1

U2

−U2

U1
]

symplectic orthogonal. The matrix X = 1√
2
[ I
−iI

I
iI ] is unitary and diagonalizes the

canonical form of H:

X∗
[
0 −D
D 0

]
X =

[
iD 0
0 −iD

]
.

Hence

UX =
1√
2

[
U1 + iU2 U1 − iU2

U2 − iU1 U2 + iU1

]
is an eigenvector basis for H and this shows that the eigenvectors can be taken to
have the form [ z

±iz ] with z ∈ C
n.

Note that an eigenvector of a skew-symmetric Hamiltonian matrix does not neces-
sarily have the form [ z

±iz ]. For instance, consider H = [ 0
D

−D
0 ] with D = diag(−d, d).
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Table 3.1
t: Number of parameters defining H.

Hamiltonian Skew-Hamiltonian
H = HT H = −HT H = HT H = −HT

t n2 + n n2 n2 n2 − n

Then xT = [i, 1, 1, i] is an eigenvector of H, corresponding to the eigenvalue −id, that
is not of the form [ z

±iz ].

3. Structured backward error. We begin by developing structured backward
errors that can be used to test the strong stability of algorithms for our classes of
Hamiltonian eigenproblems.

3.1. Definition. For notational convenience, the symbol H denotes from now
on both Hamiltonian and skew-Hamiltonian matrices. Let (x̃, λ̃) be an approximate
eigenpair for the structured Hamiltonian eigenvalue problem Hx = λx, where H ∈
R

2n×2n. A natural definition of the normwise backward error of an approximate
eigenpair is

η(x̃, λ̃) = min
{
ε : (H +∆H)x̃ = λ̃x̃, ‖∆H‖ ≤ ε‖H‖

}
,

where we measure the perturbation in a relative sense and ‖ · ‖ denotes any vector
norm and the corresponding subordinate matrix norm. Deif [8] derived the explicit
expression for the 2-norm

η(x̃, λ̃) =
‖r‖2

‖H‖2‖x̃‖2 ,

where r = λ̃x̃−Hx̃ is the residual. This shows that the normwise relative backward
error is a scaled residual. The componentwise backward error is a more stringent
measure of the backward error in which the components of the perturbation ∆H are
measured individually:

ω(x̃, λ̃) = min
{
ε : (H +∆H)x̃ = λ̃x̃, |∆H| ≤ ε|H|

}
.

Here inequalities between matrices hold componentwise. Geurts [12] showed that

ω(x̃, λ̃) = max
1≤i≤2n

|r|i
(|H||x̃|)i .

The componentwise backward error provides a more meaningful measure of the sta-
bility than the normwise version when the elements in H vary widely in magnitude.
However, this measure is not entirely appropriate for our problems as it does not
respect any structure (other than sparsity) in H. Bunch [2] and Van Dooren [25] have
also discussed other situations when it is desirable to preserve structure in definitions
of backward errors.

The four classes of structured Hamiltonian matrices we are dealing with are de-
fined by t ≤ n2 + n real parameters that make up E and F (see Table 3.1). We write
this dependence as H = H[p] with p ∈ R

t. Higham and Higham [13], [14] extend the
notion of componentwise backward error to allow dependence of the perturbations on
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a set of parameters and they define structured componentwise backward errors. Fol-
lowing their idea and notation we define the structured relative normwise backward
error by

µ(x̃, λ̃) = min
{
ε : (H +∆H)x̃ = λ̃x̃, H +∆H = H[p+∆p],(3.1)

‖∆H‖F ≤ ε‖H‖F
}
,

where H + ∆H = H[p + ∆p] implies that ∆H has the same structure as H. The

structured relative componentwise backward error ν(x̃, λ̃) is defined as in (3.1) but
with the constraint ‖∆H‖F ≤ ε‖H‖F replaced by |∆H| ≤ ε|H|.

In our case, the dependence of the data on the t parameters is linear. We natu-
rally require (x̃, λ̃) to have any properties forced upon the exact eigenpairs, otherwise
the backward error will be infinite. In the next subsections, we give algorithms for
computing these backward errors. We start by describing a general approach that
was used in [13] in the context of structured linear systems and extend it to the case
where the approximate solution lies in the complex plane.

3.2. A general approach for the computation of µ(x̃, λ̃). Let x̃ = ũ + iṽ

and λ̃ = µ̃+iν̃. By equating real and imaginary parts, the constraint (H+∆H)x̃ = λ̃x̃
in (3.1) becomes [

∆H 0
0 ∆H

] [
ũ
ṽ

]
=

[
(µ̃I −H)ũ− ν̃ṽ
ν̃ũ+ (µ̃I −H)ṽ

]
=

[
s1

s2

]
,(3.2)

or equivalently ∆H [ ũ ṽ ] = [ s1 s2 ] . Applying the vec operator (which stacks the
columns of a matrix into one long vector), we obtain(

[ ũ ṽ ]
T ⊗ I2n

)
vec(∆H) = s, s =

[
s1

s2

]
,(3.3)

where ⊗ denotes the Kronecker product. We refer to Lancaster and Tismenetsky [18,
Chap. 12] for properties of the vec operator and the Kronecker product. By linearity
we have

vec(∆H) = B∆p(3.4)

for B ∈ R
4n2×t of full rank and where ∆p is the t-vector of parameters defining ∆H.

There exists a diagonal matrix D1 depending on the structure of H (symmetric/skew-
symmetric Hamiltonian/skew-Hamiltonian) such that

‖∆H‖F = ‖D1∆p‖2.(3.5)

Let y = D1∆p and Y = ([ ũ ṽ ]
T ⊗ I2n) ∈ R

4n×4n2

. Using (3.4) we can rewrite (3.3)
as Y BD−1

1 y = s with Y BD−1 ∈ R
4n×t. Then, using (3.5),

µ(x̃, λ̃) = min
y ∈ R

t

{
‖y‖2/‖H‖F : Y BD−1

1 y = s
}
.(3.6)

This shows that the structured backward error is given in terms of the minimal 2-norm



108 FRANÇOISE TISSEUR

solution to an underdetermined system. If the underdetermined system is consistent,
then the minimal 2-norm solution is given in terms of the pseudo-inverse by y =
(Y BD−1

1 )+s. In this case

µ(x̃, λ̃) = ‖(Y BD−1
1 )+s‖2/‖H‖F .(3.7)

When H is a symmetric structured Hamiltonian, we can assume that λ̃ and x̃ are
real. Therefore ν̃ = 0 and ṽ = 0 and from (3.2) we have [ s1 s2 ] = (µ̃I −H) [ ũ ṽ ].
Applying the vec operation gives

s =
(
[ ũ ṽ ]

T ⊗ I2n

)
vec(µ̃I −H) = Y vec(µ̃I −H).

As µ̃I − H is also a symmetric structured Hamiltonian, we have by linearity that
vec(µ̃I − H) = Bp

µ̃
, where p

µ̃
is the t-vector of parameters defining µ̃I − H. Then

s = Y BD−1
1 D1pµ̃ lies in the range of Y BD−1

1 . Therefore, the underdetermined

system in (3.6) is consistent for symmetric Hamiltonians and for symmetric skew-
Hamiltonians. For a skew-symmetric Hamiltonian, we can again prove consistency
for pure imaginary approximate eigenvalues and approximate eigenvectors of the form
in Lemma 2.1. We have not been able to prove that the underdetermined system is
consistent for the skew-symmetric skew-Hamiltonian case.

As the dependence on the parameters is linear, in the definition of the structured
relative componentwise backward error ν(x̃, λ̃), we have the equivalence

|∆H| ≤ ε|H| ⇐⇒ |∆p| ≤ ε|p|.

Let D2 = diag(pi) and ∆p = D2q. Then the smallest ε satisfying |∆p| ≤ ε|p| is
ε = ‖q‖∞. The minimal ∞-norm solution of Y BD2 q = s can be approximated by
minimizing in the 2-norm. We have

ν(x̃, λ̃) ≤ ‖(Y BD2)
+s‖2 ≤

√
t+ n ν(x̃, λ̃).

By looking at each problem individually, it is possible to reduce the size of the
underdetermined system. Nevertheless, solution of the system by standard techniques
still takes O(n3) operations. In the next section, we show that by using a symplectic
quasi-QR factorization of the approximate eigenvector and residual (or some appro-

priate parts) we can derive expressions for µ(x̃, λ̃) that are cheaper to compute for all
the structured Hamiltonians of interest except for skew-symmetric skew-Hamiltonians.
First, we define a symplectic quasi-QR factorization.

3.3. Symplectic quasi-QR factorization. We define the symplectic quasi-QR
factorization of an 2n×m matrix A by

A = QT, T =

[
T1

T2

]
,(3.8)

where Q is real symplectic orthogonal, T1 ∈ R
n×m is upper trapezoidal, and T2 ∈

R
n×m is strictly upper trapezoidal. Such a symplectic quasi-QR factorization has

also been discussed by Bunse-Gerstner [3, Cor. 4.5(ii)].Before giving an algorithm to
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compute this symplectic quasi-QR factorization, we need to describe two types of ele-
mentary orthogonal symplectic matrices that can be used to zero selected components
of a vector.

A symplectic Householder matrixH ∈ R
2n×2n is a direct sum of n×n Householder

matrices:

H(k, v) =

[
P (k, v) 0
0 P (k, v)

]
,

where

P (k, v) =

 diag

(
Ik−1, In−k+1 − 2

vT v
vvT
)

if v �= 0,
In otherwise,

and v is determined such that for a given x ∈ R
n, P (k, v)x = y with y(k + 1:n) = 0.

A symplectic Givens rotation G(k, θ) ∈ R
2n×2n is a Givens rotation where the

rotation is performed in the plane (k, k+ n), 1 ≤ k ≤ n, that is, G(k, θ) has the form

G(k, θ) =

[
C S
−S C

]
, where

C = diag(Ik−1, cos θ, In−k),
S = diag(0k−1, sin θ, 0n−k),

(3.9)

where θ is chosen such that for a given x ∈ R
2n, G(k, θ)x = y with yn+k = 0.

We use a combination of these orthogonal transformations to compute our sym-
plectic quasi-QR factorization: symplectic Householder matrices are used to zero large
portions of a vector and symplectic Givens are used to zero single entries.

Algorithm 3.1 (symplectic quasi-QR factorization). Given a matrix A = [A1

A2
]

with A1, A2 ∈ R
n×m, this algorithm computes the symplectic quasi-QR factorization

(3.8).

Q = I2n
For k = 1:min(n− 1,m)

Determine H1
k = H(k, v) with x = A2ek; A← H1

kA
Determine Gk = G(k, θ) with x = Aek; A← GkA
Determine H2

k = H(k, v) with x = A1ek; A← H2
kA

Q← QH1
kG

T
kH

2
k

End
If m ≥ n

Determine Gn = G(n, θ) with x = Aen; A← GnA, Q← QGT
n

End

We illustrate the procedure for a generic 6× 4 matrix:
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× × × ×
× × × ×
× × × ×
× × × ×
× × × ×
× × × ×


H1

1−→


× × × ×
× × × ×
× × × ×
× × × ×
0 × × ×
0 × × ×


G1

−→


× × × ×
× × × ×
× × × ×
0 × × ×
0 × × ×
0 × × ×


H2

1−→


× × × ×
0 × × ×
0 × × ×
0 × × ×
0 × × ×
0 × × ×


H1

2−→


× × × ×
0 × × ×
0 × × ×
0 × × ×
0 × × ×
0 0 × ×


G2

−→


× × × ×
0 × × ×
0 × × ×
0 × × ×
0 0 × ×
0 0 × ×


H2

2−→


× × × ×
0 × × ×
0 0 × ×
0 × × ×
0 0 × ×
0 0 × ×


G3

−→


× × × ×
0 × × ×
0 0 × ×
0 × × ×
0 0 × ×
0 0 0 ×

 .

3.4. Symmetric Hamiltonian eigenproblems. Let r = (λ̃I − H)x̃ = ∆Hx̃
be the residual vector and QR = [x̃ r] be the symplectic quasi-QR factorization (3.8)
with Q symplectic orthogonal and

R =



e11 e12

0 e22
... 0

...
en+1,2

...
...

0 0


∈ R

2n×2.

We have QT∆HQQT x̃ = QT r, which is equivalent to

∆H̃



e11

0
...

...
0


=



e12

e22

0
...

en+1,2

...
0


,(3.10)

where ∆H̃ = QT∆HQ is still a symmetric Hamiltonian matrix. Equation (3.10)

defines the first column of ∆H̃. As |e11| = ‖x̃‖ �= 0, we have ∆h̃11 = e12/e11, ∆h̃21 =

e22/e11, ∆h̃n+1,1 = en+1,2/e11, and ∆h̃k,1 = 0 for k �= 1, 2, n+ 1. Let ∆Ẽ = (∆Ẽ)T
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and ∆F̃ = (∆F̃ )T be such that

∆Ẽ =
1

e11


e12 e22 0 · · · 0
e22 × · · · · · · ×
0

...
...

...
...

...
0 × · · · · · · ×

 , ∆F̃ =
1

e11


en+1,2 0 0 · · · 0
0 × · · · · · · ×
0

...
...

...
...

...
0 × · · · · · · ×

 ,
where the ×’s are arbitrary real coefficients. Then, any symmetric Hamiltonian of the
form

∆H = Q

[
∆Ẽ ∆F̃
∆F̃ −∆Ẽ

]
QT

satisfies (H +∆H)x̃ = λ̃x̃. The Frobenius norm of ∆H is minimized by setting the

×’s to zero in the definition of ∆Ẽ and ∆F̃ . We obtain the following lemma.
Lemma 3.2. The backward error of an approximate eigenpair of a symmetric

Hamiltonian eigenproblem is given by

µ(x̃, λ̃) =
2

|e11|

√
e2
12

2
+ e2

22 +
e2
n+1,2

2

/
‖H‖F ,

where R = (eij) = QT [x̃ r] is the quasi-triangular factor in the symplectic quasi-QR

factorization of [x̃ r] with r = (λ̃I −H)x̃. We also have

µ(x̃, λ̃) =

√
2‖QT r‖2 + 2(eT2 QT r)2

‖QT x̃‖

/
‖H‖F ,

where e2 is the second unit vector.

3.5. Skew-symmetric Hamiltonian eigenproblems. For skew-symmetric
Hamiltonian eigenproblems the technique developed in section 3.4 needs to be modi-
fied as in this case r, x̃ are complex vectors and we want to define a real skew-symmetric
Hamiltonian perturbation

∆H =

[
∆E ∆F
−∆F ∆E

]
, ∆E = −∆ET , ∆F = ∆FT

so that (H +∆H)x̃ = λ̃x̃.

In the definition of the structured backward error (3.1), we now assume that λ̃ is

pure imaginary and that x̃ has the form [ z̃T ±iz̃T ]T (see Lemma 2.1). Taking the

plus sign in x̃, the equation (H +∆H)x̃ = λ̃x̃ can be written as

∆Ez̃ + i∆F z̃ = (λ̃I − E)z̃ − iF z̃,(3.11)

−∆Fz̃ + i∆Ez̃ = F z̃ − i(λ̃I − E)z̃.(3.12)

Multiplying (3.12) by −i gives (3.11). Hence, we carry out the analysis with (3.11)
only. Setting λ̃ = iµ̃, µ̃ ∈ R, z̃ = ũ + iṽ in (3.11) and equating real and imaginary
parts yields

∆Eũ−∆Fṽ = −µ̃ṽ + F ṽ − Eũ,

∆Eṽ +∆Fũ = µ̃ũ− Eṽ − Fũ,
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which is equivalent to ∆Hw = s with w = [ ũT −ṽT ]T and s = (µ̃J −H)w. Using
xTEx = 0 and FT = F , we show that w and s are orthogonal:

wT s = [ ũT −ṽT ] (µ̃J −H)

[
ũ
−ṽ
]

= −ũTEũ− µ̃ũT ṽ + ũTF ṽ + µ̃ṽT ũ− ṽTEṽ − ṽTFũ = 0.

For the other choice of sign with x̃ = [ z̃T −iz̃T ]T , the equation (H+∆H)x̃ = λ̃x̃

is equivalent to ∆Hw = s with w = [ ũT ṽT ]
T
and s = −(µ̃J +H)w. Here again,

we can show that wT s = 0.
We can now carry on the analysis as in section 3.4. Let QR = [w s] be the

symplectic quasi-QR factorization of [w s]. As wT s = 0, we have that e12 = 0. We
obtain ∆H by solving the underdetermined system

∆H̃



e11

0
...

...
0


=



0
e22

0
...

en+1,2

...
0


, ∆H = Q∆H̃QT .(3.13)

Lemma 3.3. The backward error of an approximate eigenpair (x̃, λ̃) of a skew-

symmetric Hamiltonian eigenproblem with λ̃ pure imaginary and x̃ of the form x̃ =
[ z̃T ±iz̃T ]T is given by

µ(x̃, λ̃) =

 2

|e11|

√
e2
22 +

e2
n+1,2

2

/‖H‖F ,
where R = QT [w s] is the quasi-triangular factor in the symplectic quasi-QR factor-
ization of [w s] with z̃ = ũ+ iṽ and

w =

{
[ ũT −ṽT ]T if x̃ = [ z̃T iz̃T ]

T
,

[ ũT ṽT ]
T
otherwise,

s =

{
(µ̃J −H)w if x̃ = [ z̃T iz̃T ]

T
,

−(µ̃J +H)w otherwise.

We also have

µ(x̃, λ̃) =

(√
2‖QT s‖22 + 2|eT2 QT s|2

‖QT x̃‖2

)/
‖H‖F ,

where e2 is the second unit vector.

3.6. Symmetric skew-Hamiltonian eigenproblems. The analysis for sym-
metric skew-Hamiltonian eigenproblems is similar to that in section 3.4. The only
difference comes from noting that

(Jx̃)T r = [ x̃T
2 −x̃T

1 ]

[
λ̃I − E −F

F λ̃I − E

] [
x̃1

x̃2

]
= x̃T

2 (λ̃I − E)x̃1 − x̃T
2 Fx̃2 − x̃T

1 Fx̃1 − x̃T
1 (λ̃I − E)x̃2 = 0
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using vTFv = 0 and x̃T
1 (λ̃I−E)x̃2 = x̃T

2 (λ̃I−E)x̃1. Instead of computing a symplectic
quasi-QR factorization of [x̃ r], we compute a symplectic quasi-QR factorization of
[Jx̃ r] in order to introduce one more zero in the triangular factor R. We summarize
the result in the next lemma.

Lemma 3.4. The backward error of an approximate eigenpair of a symmetric
skew-Hamiltonian eigenproblem is given by

µ(x̃, λ̃) =
2

|e11|

√
e2
22 +

e2
n+1,2

2

/
‖H‖F ,(3.14)

where R = QT [Jx̃ r] is the quasi-triangular factor in the symplectic quasi-QR factor-

ization of [Jx̃ r] with r = (λ̃I −H)x̃. We also have

µ(x̃, λ̃) =

(√
2‖QT r‖22 + 2|eT2 QT r|2

‖QTJx̃‖2

)/
‖H‖F .

3.7. Comments. Lemmas 3.2–3.4 provide an explicit formula for the backward
error that can be computed in O(n2) operations.

For skew-symmetric skew-Hamiltonian matrices H, the eigenvectors are complex
with no particular structure. The constraint (H+∆H)x̃ = λ̃x̃ in (3.1) can be written

in the form ∆H[�(x̃),�(x̃)] = [�(r),�(r)], where r = (H − λ̃I)x̃ is the residual.
We were unable to explicitly construct matrices ∆H satisfying this constraint via a
symplectic QR factorization of [�(x̃),�(x̃),�(r),�(r)]. Thus, in this case, we have to
use the approach described in section 3.2 to compute µ(x̃, λ̃), which has the drawback
that it requires O(n3) operations.

4. Algorithms for Hamiltonian eigenproblems. A simple but inefficient
approach to solve structured Hamiltonian eigenproblems is to use the (symmetric or
unsymmetric as appropriate) QR algorithm on the 2n × 2n structured Hamiltonian
matrix. This approach is computationally expensive and uses 4n2 storage locations.
Moreover, the QR algorithm does not use symplectic orthogonal transformations and
is therefore not structure-preserving.

Benner, Merhmann, and Xu’s method [1] for computing the eigenvalues and in-
variant subspaces of a real Hamiltonian matrix uses the relationship between the
eigenvalues and invariant subspaces of H and an extended 4n× 4n Hamiltonian ma-
trix. Their algorithm is structure-preserving for the extended Hamiltonian matrix
but is not structure-preserving for H. Therefore, it is not strongly backward stable
in the sense of this paper.

4.1. QR-like algorithms. Bunse-Gerstner, Byers, and Mehrmann [5] provide
a chart of numerical methods for structured eigenvalue problems, most of them based
on QR-like algorithms. In this section, we describe their recommended algorithms for
our structured Hamiltonian eigenproblems. In the limited case where rank(F ) = 1,
Byer’s Hamiltonian QR algorithm [6] based on symplectic orthogonal transformations
yields a strongly backward stable algorithm.

For symmetric Hamiltonian eigenproblems, the quaternion QR algorithm [4] is
suggested. The quaternion QR algorithm is an extension of the Francis QR algorithm
for complex or real matrices to quaternion matrices. This algorithm uses exclusively
quaternion unitary similarity transformations so that it is backward stable. Compared
with the standard QR algorithm for symmetric matrices, this algorithm cuts the
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storage and work requirements approximately in half. However, its implementation
requires quaternion arithmetic and it is not clear whether it is strongly backward
stable.

A skew-symmetric HamiltonianH is first reduced via symplectic orthogonal trans-
formations to block antidiagonal form [ 0

−T
T
0 ], where the blocks are symmetric tridi-

agonal. The complete solution is obtained via the symmetric QR algorithm applied
to T . The whole algorithm is strongly backward stable as it uses only real symplectic
orthogonal transformations that are known to be backward stable.

For symmetric skew-Hamiltonian problems, the use of the “X-trick” is suggested:

XTHX =

[
E − iF 0

0 E + iF

]
with X =

1√
2

[
I I
−iI iI

]
.(4.1)

The eigenvalues of H are computed from the eigenvalue of the Hermitian matrices
E − iF or E + iF , using the Hermitian QR algorithm for instance. One drawback of
this approach is that it uses complex arithmetic and does not provide a real symplectic
orthogonal eigenvector basis. Hence the algorithm does not preserve the “realness”
of the original matrix.

Finally, for the skew-symmetric skew-Hamiltonian case, H is reduced to block-
diagonal form via a finite sequence of symplectic orthogonal transformations. The
blocks are themselves tridiagonal and skew-symmetric. Then Paardekooper’s Jacobi
algorithm [22] or the algorithm in [11] for skew-symmetric tridiagonal matrices can
be used to obtain the complete solution. The whole algorithm is strongly backward
stable.

4.2. Jacobi-like algorithms. Byers [7] adapted the nonsymmetric Jacobi algo-
rithm [24] to the special structure of Hamiltonian matrices. The Hamiltonian Jacobi
algorithm based on symplectic Givens rotations and symplectic double Jacobi rota-
tions of the form J ⊗ I2n, where J is a 2 × 2 Jacobi rotation, preserves the Hamil-
tonian structure. This Jacobi algorithm, when it converges, builds a Hamiltonian
Schur decomposition [7, Thm. 1]. For symmetric H, this Jacobi algorithm converges
to the canonical form [D0

0
−D ] and is strongly backward stable. For skew-symmetric

Hamiltonian H, this Jacobi algorithm does not converge as the symplectic orthogonal
canonical form for H is not Hamiltonian triangular.

Recently, Faßbender, Mackey, and Mackey [10] developed Jacobi algorithms for
structured Hamiltonian eigenproblems that preserve the structure and produce a com-
plete basis of symplectic orthogonal eigenvectors for the two symmetric cases and a
symplectic orthogonal basis for all the real invariant subspaces for the two skew-
symmetric cases. These Jacobi algorithms are based on the direct solution of 4 × 4,
and in one case 8 × 8, subproblems using appropriate transformations. The algo-
rithms work entirely in real arithmetic. Note that “realness” of the initial matrix can
be viewed as additional structure that these Jacobi algorithms preserve. We give a
unified description of these Jacobi-like algorithms for the four classes of structured
Hamiltonian eigenproblems under consideration.

Let H ∈ R
2n×2n be a structured Hamiltonian matrix (see Table 2.1 and 2.2).

These Jacobi methods attempt to reduce the quantity (off-diagonal norm)

off(H) =

√√√√ 2n∑
i=1

∑
j∈S
|hij |2,
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where S is a set of indices depending on the structure of the problem using a sequence
of symplectic orthogonal transformations H ← SHST with S ∈ R

2n×2n. The aim
is that H converges to its canonical form. In the following, we note Ai,j,i+n,j+n the
restriction to the (i, j, i+ n, j + n) plane of A.

Algorithm 4.1. Given a structured Hamiltonian matrix H ∈ R
2n×2n and a

tolerance tol > 0, this algorithm overwrites H with its approximate canonical form
PHPT , where P is symplectic orthogonal and off(PHPT ) ≤ tol ‖H‖F .

P = I2n
ε = tol ‖H‖F
while off(H) > ε

Choose (i, j)
Compute a symplectic orthogonal S

such that (SHST )i,j,i+n,j+n is in canonical form.
H ← SHST preserving structure
P ← SP preserving structure

end
Note that the pair (i, j) uniquely determines a 4× 4 principal submatrix

Hi,j,n+i,n+j =


hii hij hi,i+n hi,j+n

hji hjj hj,i+n hj,j+n

hi+n,i hi+n,j hi+n,i+n hi+n,j+n

hj+n,i hj+n,j hj+n,i+n hj+n,j+n

(4.2)

that also inherits the Hamiltonian or skew-Hamiltonian structure together with the
symmetry or skew-symmetry property. There are many ways of choosing the indices
(i, j) but this choice does not affect the rest of the analysis. We refer to n(n − 1)/2
updates as a sweep. Each sweep must be complete, that is, every part of the matrix
must be reached. We see immediately that any complete sweep of the (1, 1) block of
H consisting of 2×2 principal submatrices generates a corresponding complete sweep
of H.

For each 4 × 4 target submatrix, a symplectic orthogonal matrix that directly
computes the corresponding canonical form is constructed and embedded into the
2n× 2n identity matrix in the same way that the 4× 4 target has been extracted.

For skew-symmetric skew-Hamiltonians, the 4×4 based Jacobi algorithm does not
converge. The aim of these Jacobi algorithms is to move the weight to the diagonal
of either the diagonal blocks or off-diagonal blocks. That cannot be done for a skew-
symmetric skew-Hamiltonian because these diagonals are zero. There is no safe place
where the norm of the target submatrix can be kept. However, if an 8 × 8 skew-
symmetric skew-Hamiltonian problem is solved instead, the 2 × 2 diagonal blocks of
H become a safe place for the norm of target submatrices and the resulting 8 × 8
based Jacobi algorithm is expected to converge. The complete sweep is defined by
partitioning E in 2× 2 blocks, leaving 2× 1 and 1× 2 blocks along the rightmost and
lower edges when n is odd. Hence, in this case we must also be able to directly solve
6× 6 subproblems.

Immediately, we see that the difficult part in deriving these algorithms is to define
the appropriate symplectic orthogonal transformation S that computes the canonical
form of the restriction to the (i, j, i + n, j + n) plane of H. Faßbender, Mackey, and
Mackey [10] show that by using a quaternion representation of the 4 × 4 symplectic
orthogonal group, as well as 4× 4 Hamiltonian and skew-Hamiltonian matrices in the
tensor square of the quaternion algebra, we can define and construct 4× 4 symplectic



116 FRANÇOISE TISSEUR

orthogonal matrices R that do the job. These transformations are based on rotations
of P ∼= R

3, the subspace of pure quaternions.
We need to give all the required transformations in a form suitable for rounding

error analysis and also to facilitate the description of the structure preserving Jacobi
algorithms. We start by defining two types of quaternion rotations. This enables us
to encode the formulas in [10] into one. Let es �= e1 be a standard basis vector of R

4

and p ∈ R
4 such that p �= 0, eT1 p = 0 (p is a pure quaternion), and p/‖p‖2 �= es. Let

xT = ‖p‖2eT1 + eTs


0 −p2 −p3 −p4

p2 0 p4 −p3

p3 −p4 0 p2

p4 p3 −p2 0

 .(4.3)

We define the left quaternion rotation by

QL(p, s) =
1

‖x‖2


x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1

 .(4.4)

QL is symplectic orthogonal and not difficult to compute. We have x1 = ‖p‖2 + ps
and the other components of x are just permutations of the coordinates of p.

We define the right quaternion rotation by

QR(p, s) =
1

‖x‖2


x1 x2 x3 x4

−x2 x1 −x4 x3

−x3 x4 x1 −x2

−x4 −x3 x2 x1

 .(4.5)

The matrix QR is orthogonal. It is symplectic when s �= 3 and x2 = x4 = 0.
Let p = [ p1 p2 p3 p4 ]

T ∈ R
4 be nonzero. Following [10], we define the 4× 4

symplectic orthogonal Givens rotation associated with p by

G(p) =
1

‖p‖2


p1 p2 p3 p4

−p2 p1 p4 −p3

−p3 −p4 p1 p2

−p4 p3 −p2 p1

 .(4.6)

We now have all the tools needed to define the symplectic orthogonal transfor-
mations that directly compute the canonical form for each of the 4 × 4 structured
Hamiltonian eigenproblems of interest. We refer to [10] for more details about how
these transformations have been derived.

4.2.1. Symmetric Hamiltonian. Let H ∈ R
4×4 be a symmetric Hamiltonian

matrix. The canonical form of H is obtained in two steps: first H is reduced to 2× 2
block diagonal form and then the complete diagonalization is obtained by using a
double Jacobi rotation.

For the first step we consider the singular value decomposition of the 3×3 matrix

A =

 1
2 (h11 + h22) 0 1

2 (h13 + h24)
h14 0 −h12

1
2 (h24 − h13) 0 1

2 (h11 − h22)

 = UΣV T .

Let u1 and v1 be the left and right singular vectors corresponding to the largest
singular value σ1 and let u = [ 0

u1
], v = [ 0

v1
]. We have ATu1 = σ1v1 and eT2 A

Tu1 = 0
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so that eT2 v1 = 0. Hence, for s = 2 and p = v, the vector x in (4.3) is such that
x2 = x4 = 0, which implies that the right quaternion rotation QR(v, 2) is symplectic
orthogonal. As shown in [10], the product Q = QL(u, 2)QR(v, 2) block diagonalizes

H, that is, QHQT = diag(Ẽ,−Ẽ). Complete diagonalization is obtained by using
a double Jacobi rotation J(θ) ⊗ I2, where θ is chosen such that J(θ) = [ cos θ

− sin θ
sin θ
cos θ ]

diagonalizes Ẽ.
In summary, the symplectic orthogonal transformation S used in Algorithm 4.1 is

equal to the identity matrix except in the (i, j, n+ i, n+ j) plane, where the (i, j, n+
i, n+ j)-restriction matrix is given by

Si,j,n+i,n+j =
(
J(θ)⊗ I2

)
QL(u, 2)QR(v, 2).

4.2.2. Skew-symmetric Hamiltonian. Let H ∈ R
4×4 be a skew-symmetric

Hamiltonian matrix and let p ∈ R
4 be defined from the elements of H by

p = [ 0, h21,
1
2 (h31 − h42), h41 ]

T
.

It is easy to verify that for S = QL(p, 3),

SHST =


0 0 −‖p‖2 + b 0
0 0 0 ‖p‖2 + b

‖p‖2 − b 0 0 0
0 −‖p‖2 − b 0 0

 ,
where b = 1

2 (h13 + h24).

4.2.3. Symmetric skew-Hamiltonian. Let H ∈ R
4×4 be a symmetric skew-

Hamiltonian matrix and let p ∈ R
4 be defined from the elements of H by

p = [ 0, −h14,
1
2 (h11 − h22), h12 ]

T
.

Then, S = QL(p, 3) diagonalizes H and

SHST =


b+ ‖p‖2 0 0 0

0 b− ‖p‖2 0 0
0 0 b+ ‖p‖2 0
0 0 0 b− ‖p‖2

 ,
where b = 1

2 (h11 + h22).

4.2.4. Skew-symmetric skew-Hamiltonian. For the convergence of the Ja-
cobi algorithm to be possible we need to solve an 8 × 8 subproblem. The matrix
H ∈ R

8×8 is block diagonalized with three 4 × 4 symplectic Givens rotations of the
form (4.6) and one symplectic Givens rotation of the form (3.9). Let G be the product
of these rotations. We have

GHGT =

[
Ẽ 0
0 −Ẽ

]
,(4.7)

where Ẽ ∈ R
4×4 is tridiagonal and skew-symmetric. The complete 2 × 2 block-

diagonalization is obtained by directly transforming Ẽ into its real Schur form as
follows. In [20], Mackey showed that the transformation Q = QL(q1, 2)QR(q2, 2) with

q1 = [ 0,− 1
2 (ẽ12 + ẽ34), 0,− 1

2 ẽ23 ]
T
, q2 = [ 0,

1
2 (ẽ12 − ẽ34), 0,− 1

2 ẽ23 ]
T
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directly computes the real Schur form of Ẽ, that is,

QẼQT =

[
B1 0
0 B2

]
with B1 =

[
0 s2 − s1

s1 − s2 0

]
, B2 =

[
0 −s1 − s2

s1 + s2 0

]
,

where s1 = ‖q1‖2 and s2 = ‖q2‖2. Then S = (Q⊗ I2)G is the symplectic orthogonal
transformation that computes the real Schur form of the 8× 8 skew-symmetric skew-
Hamiltonian H:

SHST =


B1 0 0 0
0 B2 0 0
0 0 −B1 0
0 0 0 −B2

 .
When n is odd, we have to solve a 6×6 subproblem for each complete sweep of the

Jacobi algorithm. As for the 8×8 case, the 6×6 skew-symmetric skew-Hamiltonian H
is first reduced to the form (4.7), where Ẽ ∈ R

3×3 is tridiagonal and skew-symmetric.
This is done by using just one 4× 4 symplectic Givens rotation followed by one 2× 2
symplectic Givens rotation. Let

Ẽaug =

[
0 0
0 Ẽ

]
∈ R

4×4

and q = [ 0 − 1
2 ẽ23, 0,− 1

2 ẽ12 ]
T
. Then Q = QL(q, 4)QR(q, 4) computes directly the

real Schur form of Ẽaug. Moreover, we have eT1 Qe1 = 1, so that Q = diag(1, Q̃) and

Q̃ẼQ̃T = B, where

B =

 0 −b 0
b 0 0
0 0 0

 with b = 2‖q‖2.

5. Error analysis of the Jacobi algorithms. In floating point arithmetic,
Algorithm 4.1 computes an approximate canonical form T̂ such that

T̂ =: P (H +∆H)PT ,

where P is symplectic orthogonal, and an approximate basis of symplectic ortho-
gonal eigenvectors P̂ . We want to derive bounds for ‖∆H‖, ‖P̂ P̂T − I‖, and
‖P̂ JP̂T − J‖.

5.1. Preliminaries. We use the standard model for floating point arithmetic
[16]

fl(x op y) = (x op y)(1 + δ), |δ| ≤ u, op = +,−, ∗, /,(5.1)

where u is the unit roundoff. We assume that (5.1) holds also for the square roots
operation. To keep track of the higher terms in u we make use of the following result
[16, Lem. 3.1].

Lemma 5.1. If |δi| ≤ u and ρi = ±1 for i = 1:n, and nu < 1, then

n∏
i=1

(1 + δi)
ρi = 1 + θn, where |θn| ≤ nu

1− nu
=: γn.
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We define

γ̃k =
pku

1− pku
,

where p denotes a small integer constant whose value is unimportant. In the following,
computed quantities will be denoted by hats.

First, we consider the construction of a 4 × 4 Givens rotation and left and right
quaternion rotations.

Lemma 5.2. Let a 4 × 4 Givens rotation G = G(p) be constructed according to

(4.6) with p ∈ R
4. Then the computed Ĝ satisfies |Ĝ−G| ≤ γ5|G|.

Proof. This result is a straightforward extension of Lemma 18.6 in [16] concerning
2× 2 Givens rotations.

The rounding error properties of right and left quaternion rotations require more
attention. When ps < 0, the computation of ‖p‖2+ ps and therefore the computation
of QL(p, s) or QR(p, s) is affected by cancellation. This problem can be overcome by
using another formula as shown in the next lemma.

Lemma 5.3. Let 4 × 4 left and right quaternion rotations QL = QL(p, s) and
QR = QR(p, s) be constructed according to

QL(p, s) =
1√

2‖p‖2α


α −x2 −x3 −x4

x2 α −x4 x3

x3 x4 α −x2

x4 −x3 x2 α

 ,(5.2)

QR(p, s) =
1√

2‖p‖2α


α x2 x3 x4

−x2 α −x4 x3

−x3 x4 α −x2

−x4 −x3 x2 α

 ,(5.3)

where

[x2 x3 x4 ] =

 [ 0 p4 −p3 ] if s = 2,
[−p4 0 p2 ] if s = 3,
[ p3 −p2 0 ] if s = 4

and

α =


‖p‖2 + ps if ps ≥ 0,

4∑
i=2,i �=s

(
p2
i

)
/(‖p‖2 − ps) otherwise,

(5.4)

with p ∈ R
4 given. Then the computed Q̂L and Q̂R satisfy

|Q̂L −QL| ≤ γ̃1|QL|, |Q̂R −QR| ≤ γ̃1|QR|.

Proof. It is straightforward to verify that the expressions forQL(p, s) andQR(p, s)
in (5.2) and (5.3) agree with the definitions in (4.4) and (4.5).

We have fl(‖p‖2) = ‖p‖2(1 + θ4) with |θ4| ≤ γ4. If ps ≥ 0,

fl(α) = (‖p‖2(1 + θ4) + ps)(1 + δ) = ‖p‖2(1 + θ5) + ps(1 + δ).
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As ps ≥ 0, there exists θ′5 such that fl(α) = (‖p‖2 + ps)(1 + θ′5) with |θ′5| ≤ γ5. If
ps < 0, using the same argument we have

fl(‖p‖2 − ps) = (‖p‖2 − ps)(1 + θ5), |θ5| ≤ γ5.

We also have

fl

 4∑
i=2,i �=s

p2
i

 =

 4∑
i=2,i �=s

p2
i

 (1 + θ3).

Using [16, Lem. 3.3] we have

fl(α) =
(
∑4

i=2,i �=s p
2
i )(1 + θ3)

(‖p‖2 − ps)(1 + θ5)
(1 + δ) = α(1 + θ9), |θ9| ≤ γ9,

and

fl(
√
2‖p‖2α) =

√
2‖p‖2α(1 + θ16), |θ16| ≤ γ16.

Hence, we certainly have

fl((QL)ij) ≤ (QL)ij(1 + θ26), |θ26| ≤ γ26 ≤ γ̃1.

In the following we use the term elementary symplectic orthogonal matrix to
describe any double Givens rotation, 4×4 Givens rotation, or left or right quaternion
rotation that is embedded as a principal submatrix of the identity matrix I ∈ R

2n×2n.
We have proved that any computed elementary symplectic orthogonal matrix

P̂ = fl(P ) used by the Jacobi algorithm satisfies a bound of the form

|P̂ − P | ≤ γ̃1|P |.(5.5)

Lemma 5.4. Let x ∈ R
2n×2n and consider the computation of y = P̂ x, where P̂ is

a computed elementary symplectic orthogonal matrix satisfying (5.5). The computed
ŷ satisfies

ŷ = P (x+∆x), ‖∆x‖2 ≤ γ̃1‖x‖2,
where P is the exact elementary symplectic orthogonal matrix.

Proof. The vector ŷ differs from x only in elements i, j, i+n, and j+n. We have

ŷi = eTi Px+∆yi, |∆yi| ≤ γ̃1|eTi P ||x|.
We obtain similar results for ŷj , ŷn+i, and ŷn+j . Hence,

ŷ = Px+∆y, |∆y| ≤ γ̃1|P | |x|.
As ‖ |P | ‖2 ≤ 2, we have ‖∆y‖2 ≤ 2γ̃1‖x‖2 = γ̃′

1‖x‖2. Finally, we define ∆x = PT∆y
and note that ‖∆x‖2 = ‖∆y‖2.

Now, we consider the pre- and postmultiplication of a matrixH by an approximate
elementary symplectic orthogonal matrix P̂ .

Lemma 5.5. Let H ∈ R
2n×2n and P ∈ R

2n×2n be any elementary symplectic
orthogonal matrix such that fl(P ) satisfies (5.5). Then,

fl(PH) = P (H +∆H), ‖∆H‖F ≤ γ̃1‖H‖F ,
f l(PHPT ) = P (H +∆H)PT , ‖∆H‖F ≤ γ̃1‖H‖F .
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Proof. Let hi be the ith column of H. By Lemma 5.4 we have

fl(Phi) = P (hi +∆hi), ‖∆hi‖2 ≤ γ̃1‖hi‖2.

The same result holds for hj , hn+i, and hn+j and the other columns of H are un-
changed. Hence, fl(PH) = P (H + ∆H), where ‖∆H‖F ≤ γ̃1‖H‖F . Similarly,

fl(B̂PT ) = (B̂ +∆B̂)PT with ‖∆B̂‖F ≤ γ̃1‖B̂‖F . Then, with B̂ = fl(PH) we have

fl(PHPT ) = (PH + P∆H +∆B̂)PT = P (H +∆H + PT∆B̂)PT ,

with ‖∆B̂‖F ≤ γ̃1(1 + γ̃1)‖H‖F and therefore ‖∆H + PT∆B̂‖F ≤ γ̃1‖H‖F .
As a consequence of Lemma 5.5, if Hk+1 is the matrix obtained after one Jacobi

update with Sk (which is the product up to six elementary symplectic orthogonal
matrices), we have

Ĥk+1 = Sk(Ĥk +∆Ĥk)S
T
k , ‖∆Ĥk‖F ≤ γ̃1‖Ĥk‖F ,(5.6)

where Sk is the exact transformation for Ĥk.
Up to now, we made no assumption on H. If H is a structured Hamiltonian

matrix, the (i, j, n+ i, n+ j)-restriction of RHRT is in canonical form. For instance,
if H is a skew-symmetric Hamiltonian matrix, in a computer implementation the
diagonal elements of H are not computed but are set to zero. Also, hij , hi,j+n and by
skew-symmetry hji, hj+n,i are set to zero. But by forcing these elements to be zero,
we are making the error smaller so the bounds still hold.

Because of the structure of the problem, both storage and the flop count can be
reduced by a factor of four. Any structured Hamiltonian matrix needs less than n2+n
storage locations. If only the t parameters defining H are computed, the structure in
the error is preserved and ∆H has the same structure as H. It is easy to see that
the bounds in Lemma 5.6 are still valid with the property that ∆H has the same
structure as H.

Theorem 5.6. Algorithm 4.1 for structured Hamiltonians H compute a canonical
form T̂ such that

T̂ = P (H +∆H)PT , PTP = I, PTJP = J,

where ∆H has the same structure as H and ‖∆H‖F ≤ γ̃k‖H‖F , where k is the
number of symplectic orthogonal transformations Si applied for each Jacobi update.

The computed basis of symplectic orthogonal eigenvectors P̂ = fl(Sk . . . S2S1)
satisfies

‖P̂T P̂ − I‖F ≤ γ̃k and ‖P̂TJP̂ − J‖F ≤ γ̃k.(5.7)

Proof. From (5.6), one Jacobi update of H satisfies

Ĥ1 = fl(S1HST
1 ) = S1(H +∆H1)S

T
1 , ‖∆H1‖F ≤ γ̃1‖H‖F .

For the second update we have

Ĥ2 = fl(S2Ĥ1S
T
2 ) = S2(Ĥ1 +∆Ĥ1)S

T
2 , ‖∆Ĥ1‖F ≤ γ̃1‖Ĥ1‖F

= S2S1(H +∆H1 + ST
1 ∆Ĥ1S1)S

T
1 ST

2

= S2S1(H +∆H2)S
T
1 ST

2 ,
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where ‖∆H2‖F ≤ ‖∆H1‖F +‖∆Ĥ1‖F ≤ γ̃1(1+(1+ γ̃1))‖H‖F ≤ γ̃2‖H‖F . Continuing
in this fashion, we find that, after k updates,

Ĥk = Sk . . . S1(H +∆Hk)S
T
1 . . . ST

k with ‖∆Hk‖F ≤ γ̃k‖H‖F .
In a similar way, using the first part of Lemma 5.5 we have

P̂1 = fl(S1I) = S1 +∆P1, ‖∆P1‖F ≤ γ̃1,

P̂2 = fl(S2P̂1) = S2(S1 +∆P1) +∆P̂2, ‖∆P̂2‖F ≤ γ̃1‖P̂1‖
= S2S1 +∆P2, ‖∆P2‖F ≤ γ̃1 + γ̃1(1 + γ̃1) ≤ γ̃2.

After k updates, P̂k = fl(SkP̂k−1) = Sk . . . S1 + ∆Pk, ‖∆Pk‖F ≤ γ̃k, and (5.7)
follows readily.

Theorem 5.6 shows that the computed eigenvalues are the exact eigenvalues of a
nearby structured Hamiltonian matrix and that the computed basis of eigenvectors is
orthogonal and symplectic up to machine precision. This proves the strong backward
stability of the Jacobi algorithms.

6. Numerical experiments. To illustrate our results we present some numeri-
cal examples. All computations were carried out in MATLAB, which has unit roundoff
u = 2−53 ≈ 2.2× 10−16.

For symmetric Hamiltonians, symmetric skew-Hamiltonians, and skew-symmetric
Hamiltonians with approximate eigenvector x̂ of the form [ z

±iz ], computing µ(x̂, λ̂) in
(3.1) involves a symplectic quasi-QR factorization of a 2n × 2 matrix, which can be
done in order n2 flops, a cost negligible compared with the O(n3) cost of the whole
eigendecomposition.

For skew-symmetric Hamiltonians with approximate eigenvector x̂ not of the form
[ z
±iz ], and for skew-symmetric skew-Hamiltonians, the computation of µ(x̂, λ̂) requires

O(n3) flops as we have to find the minimal 2-norm solution of a large underdetermined

system in (3.6). Thus, in this case, µ(x̂, λ̂) is not a quantity we would compute
routinely in the course of solving a problem.

Note that in our implementation of the Jacobi-like algorithm for skew-symmetric
Hamiltonians we choose the approximate eigenvectors to be the columns of P [ I

−iI
I

−iI ],
where P is the accumulation of the symplectic orthogonal transformations used by
the algorithm to build the canonical form. In this case, the approximate eigenvectors
x̂ are guaranteed to be of the form [ z

±iz ].
To test the strong stability of numerical algorithms for solving structured Hamil-

tonian eigenproblems, we applied the direct search maximization routine mdsmax of
the MATLAB Test Matrix Toolbox [15] to the function

f(E,F ) = max
1≤i≤2n

µ(x̂i, λ̂i),

where (λ̂i, x̂i) are the computed eigenpairs. In this way we carried out a search for
problems on which the algorithms performs unstably.

As expected from the theory, we could not generate examples for which the struc-
tured backward error for the Jacobi-like algorithms is large: µ(x̂, λ̂) < nu‖H‖F in all
our tests.

The symmetric QR algorithm does not use symplectic orthogonal transformations
and is therefore not structure-preserving. To our surprise, we could not generate exam-
ples of symmetric Hamiltonian and symmetric skew-Hamiltonian matrices for which
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Table 6.1
Backward error of the eigenpair for λ = 0.741i of the 4×4 skew-symmetric Hamiltonian defined

by (6.1).

ηmax(x̂, λ̂) ωmax(x̂, λ̂) µmax(x̂, λ̂)

QR algorithm 2× 10−16 4× 10−16 9× 10−2

Jacobi-like algorithm 5× 10−17 1× 10−16 9× 10−17

Table 6.2
Backward errors of the approximation of the eigenvalue 0 for a 30×30 random skew-symmetric

skew-Hamiltonian matrix.

|λ̂| η(x̂, λ̂) ω(x̂, λ̂) µ(x̂, λ̂)

QR algorithm 3× 10−11 1× 10−16 6× 10−16 7× 10−7

Jacobi-like algorithm 0 6× 10−17 4× 10−16 1× 10−15

any of the eigenpairs computed by the symmetric QR algorithm has a large backward
error. However, the QR algorithm does not compute a symplectic orthogonal basis
of eigenvectors and also, it is easy to generate examples for which the ±λ structure
for symmetric Hamiltonians and eigenvalue multiplicity 2 structure for symmetric
skew-Hamiltonians is not preserved. If we generalize the definition of the structured
backward error of a single eigenpair to a set of k eigenpairs, the symmetric QR al-
gorithm is likely to produce sets of eigenpairs with an infinite structured backward
error. The QR-like algorithm for symmetric skew-Hamiltonians is likely to provide
eigenvectors that are complex instead of real, yielding an infinite structured backward
error in (3.14).

The good backward stability of individual eigenpairs computed by the QR al-
gorithm does not hold for the skew-symmetric Hamiltonian case. For instance, we
considered the skew-symmetric Hamiltonian eigenproblem

H =

[
E F
−F E

]
, with E =

[
0 0.75

−0.75 0

]
, F =

[−0.1875 0.0938
0.0938 −0.125

]
,(6.1)

whose eigenvalues are distinct: Λ(H) = {0.803i,−0.803i, 0.741i,−0.741i} . In Table
6.1, we give the normwise, componentwise, and structured normwise backward error
of the eigenpair for λ = 0.741i computed by the unsymmetric QR algorithm and
the skew-symmetric Jacobi algorithm. The QR algorithm does not use symplectic
orthogonal transformations and the computed eigenvectors do not have the structure
[ z
±iz ]. Therefore, for the computation of µmax(x̂, λ̂), we use the general formula (3.7).
In the skew-symmetric skew-Hamiltonian case, when n is odd, 0 is an eigenvalue

of multiplicity two and is not always well approximated with the unsymmetric QR
algorithm. We generated a random 15 × 15 E and F . We give in Table 6.2 the
backward errors associated with the approximation of the eigenvalue 0 for both the
QR algorithm and Jacobi algorithm.

7. Conclusion. The first contribution of this work is to extend existing def-
initions of backward errors in a way appropriate to structured Hamiltonian eigen-
problems. We provided computable formulae that are inexpensive to evaluate except
for skew-symmetric skew-Hamiltonians. Our numerical experiments showed that for
symmetric structured Hamiltonian eigenproblems, the symmetric QR algorithm com-
putes eigenpairs with a small structured backward error but the algebraic properties
of the problem are not preserved.
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Our second contribution is a detailed rounding error analysis of the new Jacobi
algorithms of Faßbender, Mackey, and Mackey [10] for structured Hamiltonian eigen-
problems. These algorithms are structure-preserving, inherently parallelizable, and
hence attractive for solving large-scale eigenvalue problems. We proved their strong
stability when the left and right quaternion rotations are implemented using our for-
mulae (5.2), (5.3). Jacobi algorithms are easy to implement and offer a good alterna-
tive to QR algorithms, namely, the unsymmetric QR algorithm, which we showed to be
not strongly backward stable for skew-symmetric Hamiltonian and skew-Hamiltonian
eigenproblems, and the algorithm for symmetric skew-Hamiltonians based on applying
the QR algorithm to (4.1), which does not respect the “realness” of the problem.

Acknowledgments. I thank Nil Mackey for pointing out the open question
concerning the strong stability of the Jacobi algorithms for structured Hamiltonian
eigenproblems and for her suggestion in fixing the cancellation problem when com-
puting the quaternion rotations. I also thank Steve Mackey for his helpful comments
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